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he Basic Trichotomy

Let C be a nice® curve over a number field K.

We are interested in its set of rational points, C(K).

If C(K) =0, there is nothing else to say.

So we assume that we have a pointed curve (C,Py) over K,
i.e., a nice curve C over K together with a point Py e C(K).

The structure of the set C(K) depends on the geometry of the curve,
which is governed by its genus g.

e g=0: (C,Py) = (P! 00); lots of points.
o g=1: (C,Py) = (E,0) is an elliptic curve;
C(K) is a finitely generated abelian group (Mordell-Weil).
o g>2: C(K) is finite (Faltings (1983), conjectured by Mordell (1922)).

*smooth, projective, geometrically irreducible
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Questions

e g>2: C(K)is finite.

So for curves of “higher genus” g > 2, it makes sense
to ask about the size #C(K) of the set of rational points.

e Fixing g and K (or [K:Q]), is #C(K) bounded?

e If so, how does the bound grow with g7

Caporaso—Harris—Mazur, Pacelli (1997):
Weak Lang Conjecture* implies #C(K) < B(g, [K: Q])
Mestre (published in C—H—M 1995):  B(g,1) > 8g+ 12

Stoll (2008):  B(2,1) > 642

*rational points are not Zariski-dense on varieties of general type
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he Jacobian

Basically all results on C(K) are obtained via the Jacobian variety | of C.
J is an abelian variety of dimension g.

By the (Mordell-)Weil Theorem,

its group J(K) of K-rational points is finitely generated.

When g > 0, there is an embedding i: (C,Py) — (],0),
so that C(K) =im(i) N J(K).

A generalization of Faltings’'s theorem:
(x) If ' C J(C) is of finite rank®, then im(i) N T is finite.

So Weil + (x) = #C(K) < c0.

*dimgT @z Q < oo
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In an arXiv preprint from February 2026, Yu, Yuan and Zhou show:

Theorem.
We can take c¢(g) =10"%¢® and c(g) =1+ min{

5 3log g}
49 ¢ '

Note that cy(g) — 1 as g — oo; this was expected.
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A Uniform Bound

T heorem.

For g > 2, there are c;(g),cy(g) > 0 such that #(im(i)NT) < c¢;(g) - ca(g)™T

for all curves C of genus g (and i as above) and all subgroups ' C J(C),
5 3log g}

49 g

where ¢i(g) =103¢® and c(g) =1+ min{

We can apply this with T'=J(K) to obtain  #C(K) < ¢1(g) - co(g)™ K,

The example that gives B(2,1) > 642 has rk J(Q) = 227,
compare with  ¢q(2)-¢»(2)% ~ 2.88 - 1021,

Assuming that rk A(Q) < B'(g)
for all abelian varieties A of dimension g over Q,

we obtain the uniform bound #C(K) < ¢q(g) - c5(g)B'(9:QD)

*under GRH
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What Should We Expect?

Considerations based on conjectures around unlikely intersections
suggest that perhaps #C(K) < g+ rk]J(K).

(We get #C(K) > 2g+ 2+ 2rk]J(K) easily from hyperelliptic curves,
so this is best possible.)

For small rank, there are results getting quite close:

e Stoll (2019), based on Coleman (1985):

#C(K) <[K:Q] (rkJ(K)+1)-g if Cis hyperelliptic and rkJ(K) < g—3.
e Katz—Rabinoff—=Zureick-Brown (2016):

#C(K) <eqr g°  if rkJ(K) < g-—3.

The constants involved are explicit, and small (< 100) for K = Q.
Note, however, that these results are not uniform in K.
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Few Points

We expect a ‘‘random’ curve to have no “‘unforced’” rational points.

e Bhargava (preprint 2013):
#C(Q) # (0 for a set of density o(279) of hyperelliptic curves.

e Poonen-Stoll (2014), building on Bhargava-Gross (2013):
#C(Q) #£ {co} for a set of density O(g2 )
of odd degree hyperelliptic curves. (Here oo € C(Q) is forced.)

T hese densities should in fact be zero.
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g
If we assume that rk A(Q) <+vy-dimA for abelian varieties A over Q,

then this gives  #C(K) < 1013 . g8+3vIKQ,

Note that ¢y(g)Y < (1 —

This leads to the first of the following open questions:

rk A(Q) rkA(Q),

e \What can we say about limsu = Su . ‘
Y dimA%go dimA AD dimA

(A abelian variety over Q.) This is > 29 (Elkies—Klagsbrun).

e \What can we say about |lim sup#C(Q) and/or sup
g(C)—oo  9(C) c 9(C)

(C nice curve over Q with ¢g(C) > 2.)
They are > 8 and > 321, respectively.

*this was already considered by Caporaso, Harris and Mazur (1995)
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Summary

The study of uniformity questions related to rational points on curves
or points mapping into finite-rank subgroups of the Jacobian
has made stunning progress in the recent past.

The explicit bounds we now have are still much larger
than what we expect to be true.

There are better bounds that apply in restricted settings.

A very interesting (but certainly extremely hard) question is
whether certain quantities (rk A(Q), #C(Q))
grow linearly or superlinearly with the dimension/genus.
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