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Application / Motivation

We would like to determine the set of integral points on a curve like

C'Y2_Y=X"-X.

Bugeaud, Mignotte, Siksek, St., Tengely (20083):
Can be done if we know generators of the Mordell-Weil Group J(Q)
(where J is the Jacobian of C).

Existing technology gives J(Q) & 74
and generators of a finite-index subgroup .

Theorem (St., yesterday).
J(Q) is generated by the classes of the divisors

(0,0) —o00, (1,0)—o00, (-1,0)—0cc and (w,0)+ (w?,0)—2 0
where w? +w+1=0.



Requirements

What do we need to be able to saturate G7

We need to be able to

e Compute canonical heights on J(Q).

e Bound the difference between naive and canonical height.

Reason:

e \We can enumerate points with bounded nailve height.

e \We want to enumerate points with bounded canonical height.



Generalities

Let C be a hyperelliptic curve of genus 3 over Q:
C:Y2=F(X,2)=fsX®+ 1 X" Z+ ...+ 1XZ" + foZ®
. . ] . . 2
with ' € Z[X, Z] such that disc(F') = 0; C is a smooth curve in P1,4,1-

Let J be the Jacobian variety of C.
The quotient of J by the action of {£1} is the Kummer Variety K.

There is an embedding J 5 K — P
that gives rise to a nalve height h on K and J
and consequently to the canonical height A(P) = lim 4 "h(2"P).

n—o0



he Objects

We want;:

e The embedding K — P,

e Equations for its image.

e Matrices giving the action of J[2] on K.

e The duplication map ¢: K —- K, k(P)— k(2P).

e T he sum and difference map
B :Sym?2K — Sym?2K, {x(P),s(Q)} — {k(P+Q),x(P—Q)}.

The embedding defines the naive height h.
The duplication map can be used to compute the canonical height h
and to bound the height difference.



Previous Work

For the case fg = 0O:

e A. Stubbs (2000): Embedding and many (but not all) equations.
e S. Duquesne (2001): Action of J[2].
e J.S. Miller (2010): All equations.

e Duquesne and Muiller: Conjectural o, preliminary results on B.

Computation of h:

e Muller and D. Holmes: General algorithms.



Overview of Results

For the general case (fg #= 0 not excluded) I get:

e The embedding (in the most natural coordinates &1,...,&3);
k(O)=((0:0:0:0:0:0:0:1).
e The equations describing K c P':

£1ég — Ex&7 + E3€6 — €465 = 0 plus 34 quartic relations.
e The action of J[2] (taken from Duquesne).

e The duplication map ¢

(quartic polynomials d1,...,0g € Z[fo, ..., fs]l&1, ..., &s]
such that 6(0,0,0,0,0,0,0,1) = (0,0,0,0,0,0,0,1).).

e The sum and difference map B
(bilinear forms in £;§; and = where 4=2 = §;).

e Results on heights.



he Action of Two-Torsion

Assume that fg =0 and let f = F(x,1) € Z|[x].
Let €2 denote the set of roots of f.

A point T € J[2] corresponds to a partition {21,2,} of @
with #£€21 and #€2-> even.

Define o(T) = (—1)#%21/2 (OK since #Q1 = #2> mod 4).
Then ex(T, T = o (T)o(To (T +T").

T here is an extension

T

> J[2] — O

with " ¢ SL(8) such that 72 = o(7(¥))Is
and such that ~ acts on K ¢ P’ as translation by (7).

O — o — [



he First Representation

Let V,, denote the space of homogeneous polynomials of degree n

in &1,...,8s.

Then I acts on Vi, pn i T — Aut(Vy,).
Let v, be the character of p,.

+8 if 7(y) =0,
0] else.

x1(7) = Tr(y) = {

It follows that pj is irreducible.

For n even, p, will factor through J[2]
and therefore split into one-dimensional representations.



he Second Representation

We can compute yo and deduce that
p2 = @ PT
o(T)=1
where pp is given by v +— ex(T,7(7)).

Since ¢(0O) = 1, there is a copy of the trivial representation;
it is generated by {188 — £287 + £386 — $4és.

For T# O, o(T) =1,
let y denote the generator of the T-eigenspace with coefficient 1 at gg.
Then the coefficients of yp are integral over Z[fo,. .., fsl.

Lemma. 85]2 is an integral linear combination of the y,/R(T),
where R(T) is the resultant of the two factors of F' corresponding to T'.



he Third Representation

We now consider ps. In the same way as before, we find that

paZ 5o e
T+0

Lemma.
The invariant subspace of V, intersects I(K) in a seven-dimensional space.
The quotient is spanned by the images of 41,...,0g.

For T' A= O with o(T) =1,
y# = 0g — 207 + T306 — Tads — T504 + T3 — T702 + 7861 Mod I(K)
where k(T) =(1:72:...:7g) and the 7; are integral.

Corollary. For P(¢) € K(Qy) and v a non-arch. valuation,

0 < v(3(€)) — 4v(€) <v(2°disc(F)).



he Height

Recall:
o W(P()) =3, logmax{|¢;ly: 1 <j <8},

o h(P) = lim 47"h(2"P) = h(P) + > 4 (h(2"TEP) — 4n(2"P)).
n=0

Define, for P € J(Q,) with xk(P) = P(¢&),

ev(P) =log m]ax{\éj(f)]v} — 4109 mjax{lgj\v} .

and v, = — mianJ(@v) EU(P).
Then for v = p non-archimedean,

—v(2°disc(F)) logp < —p < ep(P) <0.

For v = oo, lower and upper bounds —v,, and 4,
for eo(P) can also be computed (using the Lemmas above).



Bounding the Height Difference

Since
h(P)—h(P)=—-) Y 47" ey (P),
v n=0
we obtain
I Sh(P) = R(P) <L+ Y ) £ 30 +log [28disc(F)])
p|2disc(F)

Improvements are possible, for example for non-arch. odd v = p:
v(disc(F)) =1 == 7 =0.

The bounds on ¢, allow us

e to compute canonical heights, and
e tOo saturate subgroups.



he Example

We come back to our original example
C:Y°-YVY=X"-X.

This is isomorphic to Y2 =4X'7Z - 4X7" + Z8:
the discriminant of the right hand side is 216.19.223.449009.

We therefore obtain
h(P) — h(P) < 221092 + £y < 6.2345.

Looking at the lattice corresponding to the known subgroup,
we can conclude that J(Q) is generated by the known points
together with points P such that

H(P) =exph(P) <847.

NO new generators exist in this range.



Concluding Remarks

e [ he action of ' can be used to find the sum and difference map.

e A more detailed study of the ¢
leads to an efficient algorithm that computes
0. @)
up(P) = > 47" 1e,(2"P) € Qlogp
n=0

exactly.

e The construction of the embedding K c P’
is based on the Mumford representation
of effective divisors of degree 4 in general position.
It leads to an explicit description of the form K\ x(©) =V/G
with an affine variety V on which a group G acts.



