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Introduction

One of the fundamental motivating problems in arithmetic geometry is to under-
stand the set V' (k) of rational points on an algebraic variety V' defined over a number
field k. When V' = FE is an elliptic curve, this set has a natural structure as a finitely
generated abelian group (the Mordell-Weil group). The problem then becomes how to
determine it in practice.

In addition to the Mordell-Weil group, there is another important arithmetic in-
variant of an elliptic curve: the Shafarevich-Tate group ILI(E/k). An n-descent on an
elliptic curve is a way to obtain information on both of these groups. For each integer
n > 2, there is an exact sequence relating the two:

0 — E(k)/nE(k) — Sel™(E/k) — 1L(E/k)[n] — 0.

The middle term is a finite group known as the n-Selmer group. An explicit n-descent on
an elliptic curve computes the n-Selmer group and produces explicit representatives for
its elements as curves in projective space. Determination of Sel™ (FE/k) yields partial
information on the Mordell-Weil and Shafarevich-Tate groups. In addition, the models
produced can often be used to find points of large height in the Mordell-Weil group or
to study explicit counter-examples to the Hasse principle.

The main result of this thesis is an effective method for performing an explicit
second p-descent on an elliptic curve when p is a prime. We assume an algorithm which
performs an explicit p-descent on E, yielding models for the elements of Sel® )(E' /k) as
genus one normal curves of degree p in PP~!. We then perform an explicit p-descent on
some curve C' thus obtained. This is a computation of the set Sel® (C/k) of everywhere
locally solvable p-coverings of C' which produces explicit models for its elements as
genus one normal curves of degree p? in PP°~!. Performing this computation for each
element in Sel” (E/k) one obtains information that is just as good as that obtained
by an explicit p?>-descent on E.

As is typical for descents, the running time of our algorithm is dominated by the
computation of class and unit group information in a certain étale k-algebra. In our
situation this is the étale k-algebra of degree p? corresponding to the set of flex points of
C'. In addition, our algorithm requires computations in a second étale algebra of degree
at most p?(p? — 1)/2. The most expensive operation required there is the extraction
of p-th roots of elements known to be p-th powers. When p = 2, this second algebra
is simply k. When p = 3, one can get away with an algebra of degree 12, where such
computations are entirely feasible. For larger p, however, this provides another barrier
to the practical applicability of the algorithm.

The technique of descent to study solutions of Diophantine equations goes back at
least to Fermat. In one of the first applications of computers to number theory Birch and
Swinnerton-Dyer [BSD-I, -II] studied the Mordell-Weil groups of elliptic curves over
Q using 2-descents. These computations produced empirical evidence motivating their
famous conjecture. Their method uses an explicit enumeration of certain homogeneous

9



10 INTRODUCTION

spaces of the elliptic curve. While applicable (in principle) to larger n and over arbitrary
number fields, the method is quickly defeated by combinatorial explosion when one
ventures much beyond 2-descents over Q.

There is an alternative approach which is based more closely on the original proof
of the Mordell-Weil theorem [Mor, Weil]. First one computes the n-Selmer group as a
finite subgroup of a finite exponent quotient of the multiplicative group of some étale k-
algebra. One is then left with the task of constructing explicit models from the algebraic
representatives. It is only in the past two decades or so that improved computing power,
higher-level computer algebra software and better theoretical understanding have made
computations using this alternative approach feasible. The first step requires deep
arithmetic knowledge, such as S-class and -unit group information, of the constituent
fields of the algebra. The most efficient known algorithm for obtaining this information
in a number field has a running time which is exponential in the degree of the field.

Typically the algebra is related in some way to the group E[n] of n-torsion points on
E. For arbitrary n there is an algorithm involving the étale algebra R = Map, (F[n] x
E[n], k) of Galois equivariant maps from E[n] x E[n] to an algebraic closure of k
[CFOSS-I, 3.2]. Typically R contains an extension of k of degree O(n*) making the
arithmetic computations infeasible in practice. In general one can reduce computation
of the n-Selmer group to the case that n is a prime power. For n = p a prime, there
is a method using the étale k-algebra A = Map,(E[p], k). Generically this splits as
a product of k with some field extension of degree p? — 1. The p-Selmer group is
then computed as a subgroup of A*/k*A*P. The situation for n = 2 is described in
[Sim] and in [Sch2, St1] where 2-descent on Jacobians of hyperelliptic curves is also
considered. For odd p, this was developed in the papers [DSS, SchSt|. For p = 2,3,
these algorithms are practical over number fields of moderate degree and discriminant
and are part of the MAGMA computer algebra package.

For larger p these computations may still be feasible if favorable circumstances
prevail. In particular, when FE is p-isogenous to some other elliptic curve F’, the étale
algebra in question may split making the computations much easier. Alternatively, one
can combine the information from p-isogeny descents on £ and E’. Among others, we
mention here the works [Ba, CP, Fil, Fi2, FG, Go, Sel, Ste, Top].

In the second step, one starts with representatives for the n-Selmer group in some
étale algebra and wants to construct explicit models for the corresponding coverings.
For n > 3, the problem is studied in the series of papers [CFOSS-I, -II, -III], the
situation for n = 2 having been well-known for some time [Ca4, Section 15]. Starting
with an element of R*, the multiplicative group of the étale k-algebra associated to
E[n] x E[n], representing an element of the n-Selmer group, they show how to compute
a collection of homogeneous equations defining a model for the corresponding covering
as a genus one normal curve of degree n in P*~!. When n is prime it is also shown
how the representatives for Sel™(FE/k) in A* computed by the method mentioned
above can be converted to representatives in R*. Taken together, this gives a complete
method for performing explicit p-descents on elliptic curves.

The biggest obstacle to the practical implementation of their method is the need to
find a rational point on an everywhere locally solvable Brauer-Severi variety of dimen-
sion n — 1. For n = 2, this means finding a point on a conic. In general the problem is
equivalent to finding an explicit trivialization of a central simple k-algebra known to
be k-isomorphic to a matrix algebra. For n = 3 and k = Q, the authors of [CFOSS-I]
have developed a practical method which is part of the 3-descent implementation in
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MAGMA.

To our knowledge, the only existing practical methods for computing the n-Selmer
group of a general elliptic curve when n is a higher prime power are for n = 4 [MSS,
Wom| and n = 8 [Sta]. Rather than performing a direct 2"-descent, these proceed by
performing 2-descents in a tower of coverings. For example, the output of an explicit
2-descent on F is a finite collection of double covers of P! ramified in four points. A
second 2-descent computes the collection of everywhere locally solvable 2-coverings of
one (or all) of these. The running time is dominated by the computation of arithmetic
information in the étale algebra corresponding to the ramification points of the double
cover of P*. This is typically a field of degree 4, making the algorithm far more efficient
than a direct 4-descent on E. The output of a second 2-descent is a finite collection
of quadric intersections in P3. These become the input for Stamminger’s method for
third 2-descent.

The method for second 2-descent described in this thesis is a (very) slight modifica-
tion of the method above. While no more efficient, it does admit a cleaner cohomological
interpretation which better integrates with our method for second p-descents for odd
p. The primary reason for including it here is in the hope that the reader already famil-
iar with second 2-descents will find the presentation for odd p more easily digestible.
It does not appear that higher p-descents for odd p have been treated before in any
systematic way.

Our algorithm is practical for p = 3 and £ = Q and has been implemented by the
author in MAGMA. Using this we are now able to exhibit explicit examples of elements
of order 9 in the Shafarevich-Tate group of an elliptic curve. Alternatively, if the 3-
primary part of the Shafarevich-Tate group has exponent 3, then the algorithm can be
used to prove this unconditionally. For larger p the algorithm is decidedly less efficient
although still approachable for p = 5. In an example we use a second 5-descent to
prove that HI(E/Q)[5*°] = HI(E/Q)[5] # 0 for an elliptic curve £ which admits a 5-
isogeny over Q. Combining our second 3-descent with the existing algorithms for higher
2-descents and some very deep results of Coates, Rubin, Wiles, et. al. we verify the full
Birch and Swinnerton-Dyer conjecture for an elliptic curve over Q with Shafarevich-
Tate group of order 144.

1. Organization

Chapter I. This chapter contains the necessary background information for our
investigations. For the most part the material is, if not classical (e.g. to be found in
Silverman’s book [Sil]), then at least well-known to the experts. The only possible
exceptions being proposition 3.1, which is more general than the typical formulations
found in the literature, and some details appearing in sections 5 and 6.

In section 1 we briefly motivate the desire to perform descent on elliptic curves. In
the following section the n-Selmer and Tate-Shafarevich groups of an elliptic curve over
a number field are defined using Galois cohomology and the standard proof of finiteness
of the n-Selmer group is given. The general philosophy of using a Galois equivariant
family of functions on a curve to study its Picard group is espoused in section 3. To
allow for greater flexibility in dealing with such families we introduce the notions of
a derived G-set and its corresponding induced norm map. In the following section
we review the method described in [SchSt] for computing the p-Selmer group of an
elliptic curve.
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In the remaining two sections, the geometric interpretation in terms of n-coverings
is considered. Most of this is based in one way or another on the material in [CFOSS-I,
Sections 1-3]. To set the stage for second descents, we have extended many of the no-
tions appearing there for elliptic curves to the case of genus one curves. Section 5
consists mainly of a theoretical description of these objects, whereas in section 6 we fo-
cus on period-index issues and concrete realizations of these abstract objects as curves
in projective space.

Chapter II. Here we develop the theoretical basis for the algorithm and the coho-
mological interpretation of second p-descents. For the most part we work with a fixed
genus one normal curve C' of degree p defined over an arbitrary perfect field of char-
acteristic not equal to p. The main object of study is the set of isomorphism classes of
p-coverings of C' with trivial obstruction (in a sense analogous to that of [CFOSS-I]).
The primary tool is the descent map, which gives a concrete algebraic realization of
this rather abstractly defined set.

In section 1 we outline a naive attempt at second p-descent. For p = 2 this reduces
to the method of second 2-descent described in [MSS, Wom, BS, Sta]. It allows one
to compute the 2-Selmer set of C' up to sign, which is enough to recover everything we
are after. For p > 3 the ambiguity becomes more pronounced and this naive method is
ultimately unsuccessful. This motivates the following sections, where this naive method
is refined and the ambiguity is eliminated. In section 2 we identify the domain of the
descent map as a principal homogeneous space for a certain subgroup of H' (K, E[p]).
We give both a cohomological description of this subgroup and explicit representations
of its members as elements of the multiplicative group of a certain étale K-algebra
H. The descent map is then defined in section 3 as a map taking values in a certain
quotient of H*. Ultimately we will see that the descent map may be interpreted as
an affine map (loosely speaking a linear map followed by a translation), so that the
material of section 2 can be understood as a study of its ‘linear part’. In sections 4 and
5 we show that the descent map is injective and determine its image. All of this is tied
together by the ‘main diagram’ presented in section 6. Then in section 7, we construct
an explicit inverse to the descent map. In particular, we show how to obtain explicit
models for elements in the image of the descent map as genus one normal curves of
degree p? in PP*~L.

Chapter III. Here we specialize to the case that the base field is a number field.
Armed with the material of the preceding chapter, computation of the Selmer set is al-
most routine. The descent map gives a bijection from Sel® (C'/k) onto its image, which
we call the algebraic p-Selmer set. This gives an algebraic presentation of the p-Selmer
set which is amenable to machine computation. As with many descent algorithms, the
first step is to reduce computation of the finite set of coverings that are locally solvable
at all primes outside a certain finite set of primes S to S-class and -unit group compu-
tations. One can then deal with each of the remaining primes individually. These two
steps are the topics of sections 1 and 2. The complete algorithm is then outlined in
section 3. We then conclude with a small selection of examples in section 4 and a short
discussion of possibilities for future work in section 5.



2. NOTATION 13

2. Notation

If G is an abelian group (written additively or otherwise) and n > 1, we use G[n| to
denote the subgroup of G consisting of elements which are killed by n. For a commu-
tative ring R we use R* to denote the multiplicative group of invertible elements. For
n indivisible by the characteristic of R, the n-torsion subgroup of R* will be denoted
pn(R) rather than R*[n].

The symbol K will always denote a perfect field and p will always denote a prime
number not equal to the characteristic of K. We always assume we have a fixed algebraic
closure K of K and any algebraic extension of K we write down is taken to be a subfield
of K. We write G for the absolute Galois group of K. We usually abbreviate p,(K)
to w,. Since we restrict to perfect fields, the term local field will be used to mean the
completion of a number field at some prime.

In the special case that K = k is a number field, we make the following additional
conventions. For each non-archimedean prime v of k, we fix some extension w of v to
k. This amounts to choosing a decomposition group G, C Gy (via the rule ¢ € G, &
w’ = w). If k, denotes the union of the completions of the finite subextensions of k with
respect to w, then it is an algebraic closure of k, with Galois group G,. Note however
that k, is not a completion of k with respect to w. For a non-archimedean prime v we
use k™ to denote the maximal unramified extension of k,. This is an infinite Galois
extension with group isomorphic to 7, the profinite completion of the integers. The
group I, = Gal(k,|k"™) C G, is called the inertia group at v.

Galois Cohomology. In this thesis we make constant use of Galois cohomology.
For definitions and basic results we refer the reader to [Ser3, Chapter II]. We always
consider Gk as a profinite group with the profinite topology. A Gk-set is a discrete
topological space with a continuous action of Gg. A Gg-module is a commutative
group object in the category of G -sets, i.e. a discrete abelian group M with a con-
tinuous action of G acting by automorphisms. The i-th Galois cohomology group
with coefficients in M will be denoted by H'(Gg, M) or simply H'(K, M). The group
H°(K, M) is the subgroup of elements of M invariant under the action of Gg. We will
often denote this also by MEx.

If L is any field extension of K, the base change K — L induces a canonical ho-
momorphism resy k : H'(K, M) — H'(L, M), which we refer to as the restriction map.
There is also an injective inflation map, inf;/x : H'(Gal(L|K), M%) — H'(K, M),
whose image is the kernel of res;/x. When K = k is a number field and L = k, is
some completion, the restriction map is given, upon identification of H'(k,, M) with
H(G,, M), by restricting a cocycle defined on Gy to the subgroup G, C Gy. In par-
ticular, the Galois cohomology groups do not depend on the choice of decomposition
group.

If k, is the completion of k at some non-archimedean prime v and M is a G, -
module, the unramified subgroup of H'(k,, M) is defined to be the kernel of the restric-
tion map resjun p, : H'(ky, M) — H'(I,, M). By exactness of the inflation-restriction
sequence this is isomorphic to H*(Gal(k"™|k,), M'*). If M is a Gx-module, we say that
an element of H'(k, M) is unramified at v if its image under resy, s lands in the un-
ramified subgroup. For any set of primes S containing all archimedean primes if the
exponent of M is even!, we use H'(k, M; S) to denote the subgroup of elements that
are unramified at all primes not in S.

UIf the exponent of M is odd and v is an archimedean prime, then the group H(k,, M) is trivial.
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Divisors. Let C' be a smooth, projective and absolutely irreducible curve defined
over K. For a commutative K-algebra A, we write C' ®x A for the scheme C' Xgpec(k)
Spec(A). When A = K, we also write C = C @k K. We use x(C) and x(C) to denote
the function field of C' and its Gx-invariant subfield, respectively. We use Div(C) to
denote the free abelian group on the set of K-points of C. Its elements are called
divisors and will often be written as integral linear combinations of points. If we wish
to make it clear that we are considering a point as a divisor, we will use square brackets.
So [P] € Div(C) is the divisor corresponding to P € C(K). The action of Gk on points
extends to an action on divisors. We use Div(C') for the G g-invariant subgroup and refer
to its elements as K-rational divisors. A closed point of the K-scheme C' corresponds
to a Galois orbit of points in C'(K). As such a closed point may be interpreted as an
element of Div(C). In fact, Div(C) is the free abelian group on such closed points. We
denote the divisor of a function f € x(C)* by div(f).

Two divisors are said to be linearly equivalent if their difference is equal to div(f)
for some rational function f € x(C)*. The group of principal divisors is Princ(C) =
{div(f) : f € w(C)*}. It follows from Hilbert’s Theorem 90 that the Gy-invariant
subgroup, Princ(C) = Princ(C)9% | is the group of divisors that are divisors of functions
in x(C)*. We use Pic(C) to denote the group of divisors modulo principal divisors. Its
G g-invariant subgroup is denoted Pick (C'). This is not, generally speaking, the same
as the group Pic(C) := Div(C)/ Princ(C); not every K-rational divisor class can be
represented by a K-rational divisor (for an example see [Ca3|). There is however an
injective map Pic(C') — Pick(C). In most of our applications this map is also surjective,
so we will often (but not always) assume this is the case.

Since the degree of the divisor associated to a rational function is 0, there is a
well-defined notion of degree for divisor classes in Pic(C'). We denote the set of divisor
classes of degree i € Z by Pic'(C). We use similar notation for the other groups defined
above. The group Pic} (C) may identified with the group of K-rational points on the

Jacobian of C.

Etale K-algebras and Gk-Sets. If K C L is an extension of fields and A is a
K-algebra, then A ®k L is an L-algebra which we will denote simply by A;. In the
particular case L = K, the notation A will also be used to denote A®x K. If ¢ : A — B
is a morphism of K-algebras, the induced map Ay, — By, will also be denoted by ¢.

If Q) is a finite G g-set, define A(Q) = Map(€2, K) to be the K-algebra of maps from
Q to K. There is a natural action of Gk on A(Q) defined by

o a (o)

As a K-algebra A(f) is isomorphic to [[% K, but the action of G is twisted by
the action on Q. The G invariant subspace of A(Q) is the space of Gx-equivariant
maps Mapy (Q, K) := Map(Q, K)®%. This is an étale K-algebra; it splits as a product of
finite extensions of K corresponding to the orbits in €2. This defines an anti-equivalence
between the categories of finite Gk-sets and étale K-algebras (see for example [Lel]).
We can also recover Map((2, K) by tensoring with K.

In this thesis we frequently find ourselves working with objects defined over such
algebras, e.g. varieties, points, functions, etc. From a scheme-theoretic point of view
this presents no difficulty. It will, however, be convenient to interpret these objects as
Galois equivariant maps. For example suppose C is a K-variety and A = Map(Q, K).
Then C ®x A is a scheme over A. We can interpret a rational function f € k(C®@x A)*

as a Galois equivariant map 2 — x(C)* or equivalently as a Galois equivariant family
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of rational functions f, € k(C)* indexed by w € ). The Galois equivariance means
that (f,)? = f.- for all ¢ € Gk. The divisor of f can be interpreted as a Galois
equivariant map € — Div(C), and so on.

We mention here the generalization of Hilbert’s Theorem 90 to étale algebras which
states that Hl(K , A*) = 0. To prove it one uses Shapiro’s lemma to reduce to the usual
Theorem 90 for fields. Using this with the Kummer sequence (as one does for fields)

one is lead to an isomorphism H' (K, 1, (A)) o~ A*/A*™.

Internal referencing. Certain items (e.g. theorems, sections, definitions, etc.) are
numbered within each chapter. A reference to an item appearing in the same chapter
will give this number. A reference to an item appearing in a different chapter will give
in addition the chapter number as a Roman numeral. For example, Theorem 2.2 of
chapter 1 will be referred to as 2.2 (in chapter I) or 1.2.2 (in chapters II and III).






CHAPTER I

Motivation and Background

1. What is descent good for?

Let E be an elliptic curve over a number field k. The celebrated Mordell-Weil
theorem tells us that E(k) is a finitely generated abelian group, the Mordell-Weil
group. This finite description opens up the tantalizing problem of making the proof
effective: How can we compute a set of generators explicitly?

From the structure theory of finitely generated Z-modules we have that

E(k) ~7Z" x E(k)tors ,

where 7 > 0 is the rank of E(k) and E(k)iors is the torsion part of E(k). It follows from
the theorem that E(k)os is finite. Moreover, there are effective methods for computing
it, which at least over QQ are usually quite efficient (see for example [Sil, VIII.7]). This
reduces the problem of computing E(k) to finding generators of the free part. To do
this it is enough to determine the rank and find sufficiently many independent points
of infinite order (see [Sik2]).

The naive strategy for doing this is to just look for points, checking along the way
if they are of infinite order and independent from the ones already found. The problem
is of course knowing when to stop; there is currently no proven method for determining
the rank of an arbitrary elliptic curve over a number field. We should remark that the
conjecture of Birch and Swinnerton-Dyer does suggest a solution to this problem and
that parts of it have been proven for elliptic curves of tiny rank over Q, and that this
is already a tremendous achievement (e.g. [Maz, Theorem 3]).

If one is able to compute the rank, then this gives an effective procedure for com-
puting a set of generators. Unfortunately even if one knows ‘when to stop searching’,
this is hardly efficient. The difficulty stems from the fact that the generators may
have extremely large height. So a naive search is unlikely to find them in a reasonable
amount of time. An explicit n-descent on an elliptic curve is a computation that can
be helpful in addressing both of these problems.

Bounding the rank. The proof of the Mordell-Weil theorem breaks into two
steps. First one proves that for some (any) n > 2, the group E(k)/nE(k) is finite.
Then, using the theory of heights, one shows that this implies the finite generation of
E(k). Given a set of points which generate E(k)/nE(k), this second step is effective
(see [Sik2]). The first step, however, is not. The best effective result of the proof is the
finiteness of the n-Selmer group. The proof will be reviewed in the next section where
we also derive the exact sequence,

0 — E(k)/nE(k) — Sel™(E/k) — LL(E/k)[n] — 0.

From this we see that the n-Selmer group contains an isomorphic copy of E(k)/nE(k).
Our inability to determine the subgroup corresponding to E(k)/nE(k) is related to the
failure of the Hasse principle for genus one curves. Given a curve defined over k with

17



18 I. MOTIVATION AND BACKGROUND

points over every completion of k there is, in general, no known effective procedure for
deciding if the curve has a k-rational point.

In any event, the size of the n-Selmer group provides an upper bound for the
Mordell-Weil rank. More precisely, the rank r of the Mordell Weil group satisfies

#Sel™(E/k)
# L(E/E)[n] - #(E(k)iors/nE(E)tors)
As mentioned above there are effective methods for determining the torsion subgroup,
50 #(E(k)tors/nE(K)tors) s ‘known’. Thus the only obstacle to computing a sharp
upper-bound is the n-torsion in the Shafarevich-Tate group. The aforementioned BSD
conjecture predicts that IIT(E/k) is finite. So it should be possible to avoid the ob-
struction with a suitable choice of n. For this reason it is desirable to have efficient
methods for performing n-descents for different values of n.

One can also compare the upper-bound obtained from an n-descent with the lower-
bound obtained from a point search. If the two coincide then surely ILI(E/k)[n| = 0.
Alternatively, comparing the bounds obtained from multiple descents, one may be able
to prove that II(E/k)[n] # 0 for some n. The nontrivial elements here correspond to
genus one curves which violate the Hasse principle. It is thus of interest to be able to
produce explicit models for these curves.

Cassels constructed an alternating bilinear pairing on III(E/k) whose kernel is the
divisible subgroup [Cal, Ca2|. If III(E/k) is indeed finite, then this implies that its
order is a perfect square [Sil, Exer. 10.20]. This allows for an interesting hypothetical
scenario: Assume p is prime (for simplicity) and that lower- and upper-bounds r,s and
rp are obtained by a point search and a p-descent, respectively. Then

dimg, HI(E/E)[p] < rp —rps

nT’

Conjecturally the dimension here is even’. If 7, — r¢ is odd, then confidence in BSD
justifies letting your computer search a bit longer.
This discussion applies, for example, to the curves

E,:y*=2"+qx.

If ¢ is a prime congruent to 3,5, 13, or 15 mod 16 one can show that the Fy-dimension
of the 2-Selmer group is 2 [Sil, X.6.2]. One dimension is accounted for by the nontrivial
2-torsion point (0,0) € E,(Q) (there are no elements of order 4), so

rank(E,(Q)) + dimg, HI(E,/Q)[2] =1.

Assuming finiteness, the rank must be one. These curves also illustrate how descent
can be used in conjunction with the parts of BSD that have been proven. If the L-series
of an elliptic curve over Q vanishes at s = 1 to order o < 1, then the rank is equal to
o and the Shafarevich-Tate group is finite (see, for example, [Maz, Theorem 3]). For
all primes ¢ = 3,5,13,15 mod 16 and less than 100000, MAGMA will happily report
that the analytic rank of F,(Q) is one®’. What this actually means is that the value
of the L-series at s = 1 is very close to zero®, but that the value of the derivative

IFor this one also needs to know that the kernel of the pairing on the p-torsion subgroup consists
precisely of those elements divisible by p. See [Fi3, Section 5]

2Presumably someone has (at least attempted to) come up with a proof that the L-series of the
elliptic curves in this family have simple zeros at s = 1, but we were unable to find any references.
Bremner and Cassels have found generators for the Mordell-Weil group of E, for all primes ¢ = 5 mod 8
less than 1000 [BC]

3Tom Fisher has pointed out that results on parity show that the value is in fact 0.
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there is definitely nonzero. In any event, the order of vanishing is < 1 for these curves,
so III(E,/Q) is finite. Hence LI(E£,/Q)[2] has even Fo-dimension and so must be trivial,
proving unconditionally that the rank is in fact one.

Finding points. The elements of the n-Selmer group may also be interpreted as
unramified coverings of E. These coverings have the property that every k-rational
point of E lifts to a k-rational point on exactly one of the coverings. If one is able to
obtain models for these as curves in projective space, then the logarithmic height of a
lifted point should be O(n) times smaller than that of its image on E. This means that
searching for points on the coverings should be more efficient than (and as effective
as) searching for points on F directly. For this reason it is desirable to have efficient
methods for performing descents for larger values of n.

To illustrate this consider the prime 68749 = 13 mod 16 and the curve Eggr49 in the
family discussed above. Using some very deep results, we have shown that the rank
is one. This could also be achieved by finding a point of infinite order. A naive point
search would eventually find the point*

P (427723613901884041 —2878()4417946186514282008589)

394673451632100 7840736712769435119000

of infinite order, which together with (0,0) generates Fpggr49(Q). We found it much
quicker using the implementation of 4-descent (i.e. second 2-descent) in MAGMA. One
of the coverings produced is the quadric intersection

O 42129 + 25 + 42123 + 25 + 62124 — 42924 — 42324 + 622 =0 c P
T 62 — 22120 — 23 + 222 + 122124 — 22924 + 22324 — 22 =0 ’

together with a degree 16 map to Eggrag. One quickly finds the point (0 : 1 :1: 1)
mapping to P.

REMARK: The algorithm developed in this thesis is explicit in that it produces models
for these coverings when n is the square of a prime. We must admit however that
we have not yet developed a theoretical basis for ensuring that the models produced
are suitable for the task of finding large points. The error term involved in the height
estimate above depends to a large extent on the model chosen. In order to get something
useful in practice, one needs the coefficients of the defining equations to be small.
Thanks to Tom Fisher and Michael Stoll we have some ad hoc methods which yield
significant improvements in this direction, but there is still work to be done.

Making finite I effective. For genus one curves, determining solvability is equiv-
alent to determining whether a curve is isomorphic to its Jacobian. One way of inter-
preting the conjectured finiteness of the Shafarevich-Tate group is the following:

In any family of pair-wise everywhere locally isomorphic smooth projective curves
defined over a number field k there are only finitely many k-isomorphism classes.”

4If we were so motivated, we could find an example for which no point of infinite order would fit
between the margins.

5This is known for curves of genus # 1. For genus 0, this is amounts to saying that a quaternion
algebra is determined by its ramification. For genus > 2 it follows from the fact that there are only
finitely many automorphisms (see [Maz, 1.5]).
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In addition to helping make the Mordell-Weil theorem explicit, descent may allow us
to make this finiteness statement explicit as well. By way of example we offer the
following theorem (taken more or less directly from [Maz, Theorem 1]), whose proof
is admittedly much deeper than anything else appearing in this thesis.

THEOREM 1.1 (Rubin, Selmer). Let C//Q be the curve in P? defined by the equation
373 + 4y® + 52° = 0. If V/Q is any variety such that V ® Q, is Q,-isomorphic to
C ®Q, for every prime p < oo, then V is Q-isomorphic to exactly one of the 5 pair-
wise nonisomorphic curves:

32 + 4P +5°2 =0,
22° 4+ 5y* +62° =0,
22° 4 3y> +102° =0,
2+ 4y +152° =0,
23+ P +602° =0.
Moreover, each of the curves in this list is everywhere locally isomorphic to C'.

The last curve in the list has the obvious (and unique) rational point (1 : —1 : 0)
and can be identified with the Jacobian E of the other curves in the list. The theorem
is equivalent to saying that HI(E/Q) ~ Z/3Z x Z/3Z and that these curves represent
the 5 = 221 41 elements of III(£/Q)/{+£1}. The hard part is showing that III(E/Q) is
finite. Since E has complex multiplication and its L-series does not vanish at s = 1 this
follows from work of Coates and Wiles [CoWi|. Subsequent work of Rubin [Ru] allows
one to conclude even that the exponent of III(E/Q) is a power of 2 times a power of
3. The contribution of Selmer [Sel] (some decades earlier) was to perform the descent
necessary to prove that II(E/Q)[3°] ~ Z/3Z x Z/3Z and produce the curves appear-
ing in the list. Somewhere along the way one must also check that II(E/Q)[2] = 0
(which it is).

2. The Selmer group

Let E be an elliptic curve over a number field k£ and n > 2. As mentioned above,
there is an exact sequence

0 — E(k)/nE(k) — Sel™(E/k) — LL(E/k)[n] — 0.

In this section we define the terms of this sequence using Galois cohomology and outline
the (effective) proof that Sel™(E/k) is finite.

The Kummer sequence. Let K be a perfect field with absolute Galois group G-
For any n > 2 indivisible by the characteristic of K, one has a short exact sequence

0— pp, - K* = K*—0.

Galois cohomology associates to this a long exact sequence of cohomology groups. From
this one obtains a second short exact sequence

0— K*/K*" -2 HY(K, pp) — H'(K, K*)[n] — 0.

The map labeled ¢ is the connecting homomorphism defined as follows. For a € K*,
one chooses any n-th root @ € K*. The image of a is then the (class of the) coboundary
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of o, which is a 1-cocycle taking values in u,. In symbols
da):Gg o0 a’/a € py,.

One can check that this does not depend on the choice of . The famous ‘“Theorem 90’
of Hilbert says that H'(K, K*) is trivial. Hence we have an isomorphism K /K*" ~
H' (K, j1,). If i, € K*, then one recovers the classical ‘Kummer theory’,

KX /K" ~ Hom(Gy, Z/nZ) .

This says that the cyclic extensions of K of degree dividing n are in one to one cor-
respondence with classes of elements of K* modulo n-th powers, the correspondence
being given by adjoining n-th roots.

Now suppose E is an elliptic curve defined over K. Since multiplication by n defines
a surjective homomorphism on the K-points of E, we can form a ‘Kummer sequence’
for F,

0 — E(K)/nE(K) -2 HY(K, E[n]) — H'(K, E)[n] — 0.

The connecting homomorphism is defined in a completely analogous way. To compute
the image on a class of F(K)/nE(K) represented by some point P, one chooses a lift
of P to a point Q € E(K), such that nQQ = P. Any two choices differ by an n-torsion
point of E. So, for any o € G, the point Q7 —Q € E(K) is n-torsion. One checks that
the assignment o — Q7 — @) is a cocycle whose class does not depend on the choices

for P and Q. Unlike the G,, case, the group H'(K, ) may be infinite.

The Selmer Group. We now specialize to the case that K = k is a number field.
As previously mentioned, the group E(k)/nE(k) is finite. To prove this, one shows that
it sits inside a finite subgroup of H'(k, E[n]). This subgroup is defined by imposing local
conditions.

Forming the Kummer sequence over k and all of its completions gives a commutative
diagram with exact rows, where the vertical maps are given by restriction

0 )

E(k)/nE(k) H'(k, E[n)) H' (k. E)[n]

| |

0 — T1, E(ky)/nB(k,) 22 [T, B (k,. E[n]) — [I, B (ky, )[n] —> 0

We are interested in the image of E(k)/nE(k). From the exactness of the rows, one
sees that this sits inside the kernel of the diagonal map. This leads to the following
definition.

DEFINITION 2.1. The n-Selmer and Tate-Shafarevich groups of E are the groups
Sel™ (E/k) = ker (Hl(k, Eln]) < [ H' (k. B) [n]) and
I(E/k) = ker (Hl(k, E) — [[H (k. E)) .
The exact sequence
0 — E(k)/nE(k) — Sel™(E/k) — HUL(E/k)[n] — 0

follows immediately.



22 I. MOTIVATION AND BACKGROUND

REMARK: For any separable isogeny ¢ : J' — J of Abelian varieties over K, we can
form a Kummer sequence as above. Over a number field, one may define the ¢-Selmer
group of J' in a completely analogous way. It sits in an exact sequence

0— J(K)/o(J'(k)) — Sel®(J'/k) — 1I(J'/k)[¢] — 0.

The proof of the finiteness of Sel™ (E/k) given below works, with the obvious modifi-
cations, to prove finiteness in this more general context as well.

We come to the fundamental result of this section.

THEOREM 2.2. Let E be an elliptic curve over a number field k and n > 2, then
Sel™(E/k) is finite and computable.

To show that the n-Selmer group is finite, one first shows that it is contained in the
unramified outside S subgroup, H'(k, E[n]; S), for an appropriate finite set of primes
S. The criterion of Neron-Ogg-Shafarevich shows that one may take S to be the set
of primes v where E has bad reduction or such that v is archimedean or lies above n.
The theorem then follows from the general fact that if M is a finite Gy-module and S
is a finite set of primes containing all archimedean primes, then H'(k, M;S) is finite
(see [Ser3, 11.6.2]).

For M = E[n], the proof of this fact goes as follows. First one reduces to the case
when the n-torsion of E is k-rational. If k(FE[n]) is the n-division field of E (i.e. the
smallest extension over which all n-torsion points are defined), then the group on the
left in the inflation-restriction exact sequence,

H'(Gal(k(E[n])|k), E[n]) — H'(k, E[n]) — H'(k(E[n]), E[n]) ,

is finite and, at least in principle, computable. It thus suffices to consider the group on
the right

This means we can assume k = k(F[n]). Under this assumption, the action of Gy
on E[n] is trivial and so

H'(k, E[n]) = Hom(Gy, E[n]) = Hom(Gy, Z/nZ x Z./nZ) .

The group on the right corresponds to the collection of all Galois extensions of k£ with
Galois group which may be embedded in Z/nZ x Z/nZ. The n-th roots of unity are
contained in k (because the Weil pairing on E[n] is Gi-equivariant), so these extensions
can be described using Kummer theory. Each is obtained by adjoining the n-th roots
of a pair of elements a,b € k*/k*". For v ¢ S, such an extension will be unramified at
v if and only if ord,(a) = ord,(b) = 0 modn (recall that S is assumed to contain all
archimedean primes and all primes dividing n). Let

k(S,n)={a € k*/E"*" : Vv ¢ S, ord,(a) =0 modn}.

Elements of H'(k, F[n]) unramified outside of S correspond to extensions which are
unramified outside S. So we have an isomorphism H'(k, E[n]; S) ~ k(S,n) x k(S,n).
The effective proof that the H'(k, E[n]; S) is finite is completed by the following im-
portant theorem.

THEOREM 2.3. Let k be a number field, n > 2 and S a finite set of primes containing
all archimedean primes and all non-archimedean primes above n. Let

k(S,n)={a € k™ /k*" :Yv & S, ord,(a) =0 modn}.
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Then k(S,n) is finite and there is an effective procedure for computing (a set of repre-
sentatives in k* ) for k(S,n) which is efficient modulo computation of the n-torsion in
the S-class group of k and the cokernel of multiplication by n on the S-unit group of k.

To prove this, one shows (see for example [St2], [PS]) that there is an exact sequence
0— O;S/O;g — k(S,n) — Clg(k)[n] — 0,

where Of ¢ and Clg(k) denote the S-unit and S-class groups of k, respectively. Since
the class group is finite and the S-unit group is finitely generated, all terms in the exact
sequence are finite. The fact that this is effective follows from the fact that the S-class
and -unit groups can be computed and that the maps in the short exact sequence above
can be determined explicitly.

More generally, if A is an étale k-algebra, we will use the notation A(S,n) to denote
the unramified outside S part of A*/A*™. If A decomposes into a product of number
fields A ~ [] ki, then A(S,n) ~ [] k:i(S,n). So the theorem applies in this situation as

well.

According to Lenstra [Le2] there ‘appears to be’ a deterministic algorithm for
determining the class and unit groups of a number field k£ in time at most (2 +
log |A|)P@D|A]34, where d = [k : Q] is the degree of k and A is its discriminant.
If one only needs the kernel and cokernel of multiplication by n, some improvement
should be possible, but the consideration of S-class and -unit groups only makes things
more complicated. In any event, the complexity should remain exponential in the de-
gree.

The computation of H'(k, E[n]; S) outlined above requires one to extend to the
n-division field of E. Generically this will be a GLy(Z/nZ) extension of k. The large
degree of this extension makes the resulting algorithm infeasible in most situations as
computation of the S-class and -unit groups is not likely to be manageable. Even if it
is, one still needs to somehow return to k, which may be problematic. Any practical
algorithm should avoid this step.

In any event, once one has computed H'(k, E[n]; S) as a finite subgroup of A(S, n),
the n-Selmer group can be determined by considering the local conditions at the finitely
many primes of S. The groups H' (k,, F[n]) are finite, so this is a finite problem to which
there is an effective solution.

REMARK: This discussion remains valid in the more general context of computing the
¢-Selmer group of an Abelian variety J. Namely, there is an effective procedure which
requires S-class and -unit group information in the minimal extension of k over which
all points in the kernel of ¢ and the relevant roots of unity are defined.

3. Using functions on the curve

In this section we show how one can study the Picard group of a curve by using
functions on the curve. The K-rational points of the Jacobian of a curve C' can be
identified with Pic%(C), so one can use this to study the Mordell-Weil group. In the
next section we will describe in detail how this leads to a far more efficient algorithm
for computing the n-Selmer group of an elliptic curve when n is prime.
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A general framework for doing this is described by Schaefer in [Sch2]. Though more
general cases have been treated (notably cyclic covers of the projective line [PS]), at
the time this encompassed virtually all known explicit methods for performing descent
on Jacobians. Under certain assumptions, a rational function on C' will induce a homo-
morphism from J(K) = Pic%(C) into a group of finite exponent. These induced maps
are given quite explicitly by evaluating functions at points of C' and as such are suitable
for practical computations. Given an isogeny ¢ : J' — J, the connecting homomor-
phism in the corresponding Kummer sequence is also a homomorphism to a group of
finite exponent. Schaefer presents a strategy for choosing functions so that the induced
maps are related to (or can be identified with) a given connecting homomorphism.

In the context of [Sch2] the codomain of these induced maps is of the form A*/A*™,
where A is some étale K-algebra and J'[¢] C J'[n]. Schaefer shows that under certain
assumptions one can choose the function(s) so that the induced map ® factors as

J(K) 2 AXJAxn
x /
H' (K, J'[¢])

where ¢ is the connecting homomorphism and the map [ is injective. Over a number
field k, this ideal situation yields a commutative diagram

J(k)/oJ (k)2 AX [ Ax

| |

I1, J(ko)/¢J" (ko) IL AZ/AS"

In principle, one can then compute H'(k, J'[¢]; S) as a subgroup of A(S,n). Having ac-
complished this, the explicit nature of the maps ®, makes computation of the ¢-Selmer
group (as a subgroup of A(S,n)) entirely practical.

[1®.

We would like to build on this perspective in essentially two orthogonal directions.
The first, which has been observed by Siksek [Sik3], is that under the assumptions of
[Sch2] these functions actually induce maps on all of Pick (C) and not just Pic (C) =
J(K). In the context of second p-descent this is useful because we are now interested
in Picy(C).

The second drives to the heart of the assumptions required for the method in [Sch2]
to work, namely that the map labelled § (or equivalently ®) in the diagram above be
injective. When this is not satisfied information can get lost. Correcting for this requires
allowing for other functions which induce homomorphisms from the Picard group to a
seemingly more complicated group of finite exponent which is actually just as easy to
work with in practice. Our description of this group involves an ‘induced norm map’
coming from the notion of a derived Gi-set which we now describe.

Derived Gg-sets. If U, Q) are finite G g-sets, we will say that W is derived from )
if the elements of W are unordered tuples (multisets) of elements of {2 and the action
on V¥ is induced by that on 2. For example, the set of unordered pairs (distinct or
not) of elements in 2 is a derived Gk-set. One can also interpret the elements of ¥ as
formal integral linear combinations of elements of {2 with nonnegative coefficients. In
this interpretation we write b € U as a sum »_ nya of distinct elements a € €.
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Recall the notation of section 2 of the introduction. To €2 and W we associate étale
K-algebras, A(Q)) = Mapy (2, K) and A(V) = Map, (U, K). If ¥ is derived from € as
a G-set, then we define ‘induced norm maps’ between the corresponding algebras:

mszwﬂmkm¢H<w=§ywwﬂjwmﬂeMwﬂmmzwa

A(T) =Mapg (¥, K) 3¢ | d — J[ ¢®) | € Map, (2 K) = A(Q).
b=>"nqga

These maps may also be interpreted as follows. Let © be the Gi-set whose elements
are the integral multiples of elements of 2 x W of the form n,(a,b), where b = > nya’
(the action on © is that derived from ). In terms of multisets, if a is in b with
exact multiplicity n,, then © contains the multiset which consists of (a, b) taken with
multiplicity n,. Now A(©) splits as a product A(©) = [[, A(O) of finite extensions
of K corresponding to the Gg-orbits O C ©. If O is some orbit, then all n,(a,b) € O
have the same multiplicity (i.e. n, = ne is constant on Q). This is used to assign a
weight ne to each factor of A(©) and thus a map:

w: A©) = [JA(0) 5 (¢0) — (62) € [J A0) = A(®).
(@] (@]

On the other hand, © comes equipped with projection maps
© 3 ny(a,b) —a €

© 3 ny(a,b) —be V.

These obviously respect the action of Gk, so one has corresponding inclusions of A(2)
and A(V) into A(©). Thus A(©) comes naturally equipped with norm maps Ng and
Ny to A(Q2) and A(W), respectively. The induced norm maps above are given by the

compositions:
Ny

A(Q) — A(B) L A(B) =% A(V),

A(T) — A(O) - A(0) 22 A(Q).
While seemingly complicated, this description makes explicit computation of these in-
duced norm maps in concrete examples rather straight-forward. T'wo examples are given
following the proposition below; naturally, we will see more in the following chapter.

Descent on Picard groups using functions on curves. ¢ Let C' be a smooth,
projective and absolutely irreducible curve defined over K. We want to use the notion
of derived Gg-sets to study the group Pic(C) of divisor classes on C' which can be
represented by a K-rational divisor.

Let 2 C C(K) be a finite Gg-set of geometric points on C and ¥ C Div(C) a finite
G i-set of effective divisors on C' which are supported on 2. We use A(2) and A(V) to
denote the corresponding étale K-algebras. As a Gg-set ¥ is derived from (2 and we
have an induced norm map 0 : A(2) — A(V).

Now consider a rational function

f=(f) € K(C @k A(V) )" = Mapy (¥, 5(C)).

6We have borrowed the name of this subsection from a short paper by Siksek [Sik3], where the
case of a K-rational rational function is considered.
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We consider this either as a function on C' ®x A(¥) or as a Galois equivariant family of

rational functions in x(C)* parameterized by 1 € ¥. We interpret the divisor of f, an
element of Div(C ® A(V)), as a Gk-equivariant map ¥ — Div(C'). We write div(f)
as a difference of effective divisors. This can be interpreted as a difference of a pair of

G -equivariant maps [f]o, [fleo : ¥ — Div(C') whose values at 1 € ¥ are the zero and
pole divisors of fy, respectively. Now suppose f satisfies

(1) Vo € ¥, [flo(¢)) = ¢, and
(2> Vi € ¥ and 0 € Gk, [f]w(¢a) = [f]w(¢)

The first condition says that ¢ is the zero divisor of the function f;, € x(C)*. The

second condition amounts to saying that the map [f]. : ¥ — Div(C) is constant on
each G-orbit in ¥. The Galois equivariance then implies that, on each orbit O C ¥,
the value of [f] is some K-rational divisor dp € Div(C). We write each as a sum

do = Z mo,pP,
P

of closed points P and set me = ged(mo,p) (recall that a closed point corresponds to
a Gk-orbit of points in C'(K)). Using these weights, we define a map

LK 3am (a™)o € [[AO) = A(W)
@]

PROPOSITION 3.1. With notation as above, let d = ), np[P] € Div(C) (written
as a sum of K-points of C') be any K -rational divisor on C' with support disjoint from
all zeros and poles of the fy.

(1) Evaluating f on d gives a well-defined element f(d) :=[[p f(P)"" € A(¥)*.
(2) f induces a unique homomorphism

A(T)*
(K)O(A()7)

Pic(C) —
L

with the property that, for all d as above, the image of the class of d is equal
to the class of f(d).

Before giving the proof, it seems appropriate to provide a couple of familiar exam-
ples.

p-descent on elliptic curves. Let E be an elliptic curve over K and p a prime
different from the characteristic of K. For each nontrivial p-torsion point P, one can
find a function fp € x(C)* with div(fp) = p[P] — p[0g]. The existence of such a
function is used in the definition of the Weil pairing ([Sil, IIL.8]). It follows from
Hilbert’s Theorem 90 that f can be defined over the field K (P) obtained by adjoining
the coordinates of P to K.

Let A = Mapy (E[p]\ {0g}, K) be the étale algebra corresponding to the nontrivial
p-torsion points. Given a set {Py,..., P} C (E[p] \ {Og}) of representatives for the
G k-orbits and functions fp, as above, there is a unique way to extend the fp, to a

Galois equivariant family of rational functions indexed by E[p] \ {Og}. This gives a
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function f = (fp) € K(C @k A)*. In the notation of the proposition we have

Q= Elp] \ {0s},
V= {p[P]: P €},
[f)oe = P[0,

A(Q) ~ A(D) ~ A,
0:ar— af, and
L:a— al.
Since E(K) # (), we have Pick(E) = Pic(F). The proposition says that f induces a
homomorphism
A* A*
— = .
K xp Axp AXp
Since the target is of exponent p, this factors through the cokernel of multiplication by
p on Pick(E). So we get an induced homomorphism
E(K) Pic).(E) Pick(E) AX
= — — .
pE(K) pPic%(E)  pPicg(E)  Axp
In section 4 we will see that the cohomology group H'(K, E[p]) may identified
with a subgroup of A*/A*P and that, under this identification, the map induced on

Pic% (E) = E(K) is equal to the connecting homomorphism in the Kummer sequence.
We thus find ourselves in the ideal situation described at the beginning of this section.

2-descent on double covers of P1. Let C be given by the equation” u2 = g(u,), where
g € KJu,] is separable of degree 2m with m > 2. The assumption that the degree is
even means that the map to P! does not ramify above co; applying a suitable change of
coordinates one may always ensure that this is the case®. The assumption that m > 2
is made to exclude consideration of genus 0 curves. Let A = KJu;]/g(u1) and denote
the image of u; in A by 6. Then A is the étale algebra corresponding to the Gk-set of
ramification points; 6 is the map sending a ramification point to its u;-coordinate.

To do a 2-descent one typically uses the function u; — 6 € k(C @k A)*. The divisor
of this function is div(u; —0) = 2[(6,0)] — ([oo4] + [00-]), where ooy denote the points
on C' lying above co € P!. Note that ([oo]+[oo_]) is a sum of closed points of C'. In the
notation of the proposition, (2 is the set of ramification points, ¥ = {2w : w € Q} and
their étale algebras are both isomorphic to A. The induced norm is given by squaring.
So the proposition gives a homomorphism

AX
-
KX Ax2
If Pick(C) = Pic(C), then as above this yields a homomorphism
J(K)/2J(K) — A" JK*A**

where J is the Jacobian of C'. This can be used to obtain information on the Mordell-
Weil group. Since C'(K) C Picj(C), the homomorphism can also be used to study the
rational points on C.

Pic(C)

"The variables are labeled here so as to be compatible with the notation used in chapter II.

8If there happens to be some K-rational ramification point, we can arrange for it to lie above
oo € PL. In this situation div(u; — ) = 2[(0,6)] — 2[coc] and the proposition yields a homomorphism
to AX JA*2



28 I. MOTIVATION AND BACKGROUND

One can of course use other functions as well. For example the function usz € x(C)*
has divisor div(us) = Y .qw — m(coy + oo_). Now the relevant algebras are A and
K and the induced norm map is the usual norm Ny, : A — K. The proposition gives
a homomorphism

KX
— .

KXmNA/K(AX)

The proposition applies as well to the pair (u; — 6, u3) to give a map
A* x KX
(K)0(A%)

Pic(C)

PiC(C) —

where ¢ : a — (a,a™) and 9 : o — (o, Na/g ().

Unlike the situation for p-descent on elliptic curves, the map on J(K)/2J(K) in-
duced by u; — 6 is not usually injective. In the second part of this thesis we will see
how combining with the information from us can be used to correct for this.

REMARK: The discussion here for hyperelliptic curves applies with minor changes to
the more general case of cyclic covers of the projective line of the form uf} = g(us)
with deg(g) divisible by p. A detailed description of how the function us can be used
to similar effect in this context is the subject of a forthcoming paper of Stoll and Van
Luijk [StVL].

Proof of Proposition 3.1. Any rational function h € xk(C')* defines a homomor-
phism from the group of divisors of C' with support disjoint from the support of div(h)
to the multiplicative group of K by

d=Y npPw h(d) =[] mP)"" € K*.

If K" is some extension of K and h is defined over K’, then this restricts to give a

homomorphism from the group of K’-rational divisors with support disjoint from that

of div(h) into K’*. If f is as in the proposition, then it is defined over A(W) which

splits as a product of extensions of K, so the first statement in the proposition is clear.
For the second, define

A(T)
(K)O(A(2)%)

by setting the value of ¢ on = € Pic(C') equal to the class of f(d), where d € Div(C)
is any K-rational divisor representing = with support disjoint from Q and [f].. If this
is well-defined, then it is clearly the unique homomorphism with the stated property.

First we argue that such d exists. This follows from [La, page 166] where it is shown
that any K-rational divisor class which is represented by a K-rational divisor contains
a K-rational divisor avoiding a given finite set (see also [Sik3, footnote to page 4]).
Next we use Weil reciprocity to show that the result does not depend on the choice for

d.

(bf : PIC(C) — .

Let h € k(C)* be any rational function whose zeros and poles are disjoint from
those of all of the f,. We will show that f(div(h)) € o(K*)9(A(Q2)*), from which the
proposition follows. For each 1 € ¥, the divisor of A is prime to

div(fy) = [flo(¢) = [floe(¥) = & = [floc(¥) -
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So by Weil reciprocity,
fu(div(h)) = h(div(fy)) =

Interpreting this as a map we have

f(div(h)) = }?(([[J{]]i)) € Map (W, K*) = A(D)*.
Define a € Mapg (2, K*) = A(Q)* by a : Q 3 w — h(w) € K*. Now consider
d(a) € Mapy (¥, K*) = A(V)*. The value of () at ¥ = Y n,w € U is

9(a)y = [T aw)™ = [T Aw)™ = h(w) = h((flo(®)) .

This shows that h([f]o) = d(«) € I(A(2)™).

It remains to show that h([f]w) € (K ™). Recall that the value of [f]. on the orbit
O C V¥ is the divisor do = ), mepP and that meo = ged(mep). The P are closed
points on C'. In particular, each is a K-rational divisor and we know how to evaluate h
at P to obtain an element in K. Extending by linearity we have that the value taken
by h([f]s) on any Gg-orbit O C W is [[, h(P)™° 7, which is a product of me p-th
powers in K*. A product of me p-th powers is clearly a ged(me p)-th power, so the
value of h([f]s) on O is in KX Tt follows that h([f]s) € t(K™). This completes the
proof. O

REMARK: Though we will make no use of it here, we point out that one can do slightly

better in the last paragraph of the proof. For a closed point P, use Kp to denote the

residue field. Then in fact h(P) € Ng,/k(Kp) C K*. This means that one may be

able to replace ¢(K*) with a proper subgroup. The resulting homomorphism will then

carry more information. For example, suppose C' is the double cover of P! defined by
U3 = Qg™ + -+ + ajuy + ag,

where as,, € K*\ K*? and set L = K(y/da,). Then L is the residue field of the
closed point at oo. The homomorphism induced by the typical u; — # map used to do
a 2-descent factors as:

. AX A%
PlC(C) - NL/K(LX)AXQ - KX Ax2'

It would be interesting to see if this can also be used to eliminate the ambiguity.

4. How to do a p-descent on an elliptic curve

Let E be an elliptic curve over a number field k£ and p a prime. In this section we
provide the details of how one can compute the p-Selmer group of E using the ideas
of the previous section. For odd p this was developed in [DSS, SchSt]. It is far more
efficient than the naive algorithm delivered by the proof of theorem 2.2. The claim to
efficiency stems from the fact that rather than working with the p-division field of F,
one works with the algebra obtained by adjoining coordinates of a generic p-torsion
point. Typically this is a field of degree p* — 1 while the p-division field is of degree
(p*> —1)(p? — p). Since the arithmetic computations required have exponential complex-
ity in this degree this gives a significant improvement. With the current state of the
art this gives a practical algorithm for performing 2-, 3- and perhaps even 5-descents
on elliptic curves of reasonable size and over number fields of moderate degree and



30 I. MOTIVATION AND BACKGROUND

discriminant.

We work again over K, a perfect field of characteristic not equal to p. Let A =
Mapg(E[p]\ {0z}, K) be the étale K-algebra corresponding to the nontrivial p-torsion
points. Let f = (fp) € xk(C @k A)* be the function described in the example of the
previous section. This induces a homomorphism ¢ := Picg(E) — A*/A*P. Restricting
to the degree 0 part we get a homomorphism ® : Pic% (E) = E(K) — A*/A*P. We now
describe how this relates to the connecting homomorphism of the Kummer sequence.

Any map ¢ € A = Map(E[p] \ {0g}, K) may be extended to a map defined on all
of E[p] by setting ¢(0g) = 1. In this way the p-th roots of unity in A may be identified
with the Gk-set of maps from E[p| to p, that take the value 1 at 0. Among such
maps there are the homomorphisms, Hom(E|p], i), which form a Gk-subset. Using
the Weil pairing, Hom(E[p], it,,) may be identified with E[p]. Taken together, these
identifications give rise to an injection

0 — Elp] — py(A).
By a generalization of Hilbert’s Theorem 90, H' (K, u,(A)) ~ A*/A*P_ so there is an
induced map H' (K, E[p]) —» AXJA*P.
LEMMA 4.1. The following diagram commutes.

E(K) - AX JAXP

HY(K, Elp])

PROOF: This is essentially a cocycle computation. See [Sch2, Theorem 2.3] O

As mentioned at the beginning of the previous section, for this to be useful one
needs to know that w, is injective and be able to describe its image. The map in
question arises from the exact sequence

0 — Blp] > pp(A) 5 Q =0,

where () is used to denote the quotient of 11,(A) by the image of E[p]. Taking Galois
cohomology we have the exact sequence

pp(A) = H(K, Q) — HY(K, E[p]) = A* /A =5 H(K, Q).
So the kernel of w, is the finite group H°(K, Q)/q(u,(A)) and the image of w, is equal
to the kernel of ¢,. The strategy for describing both of these groups is to develop a
more concrete description of the map p,(A) 4, Q. This amounts to writing down a

G i-module morphism defined on Map(E|[p|, p1,) with kernel equal to the subspace con-
sisting of maps that are homomorphisms.

The case p = 2. Since we are in characteristic 2, a map ¢ : F[2] — po is a homo-
morphism if and only if

d(P)p(Q)p(P + Q) = ¢(0g) = 1, for some (any) basis {P,Q} of E[2].

For a map ¢ € ua(A), this condition simply means that N(¢) = 1, where N = Ny :
A — K is the norm. This gives a short exact sequence

0— E[2] % pa(A) 25 py — 0.
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Hence, taking Galois cohomology and applying Hilbert’s Theorem 90, we have an exact

Sequen(369

N L N 1 %} X X2 L X X2
1 N((A)) HY (K, E2]) = A" /A K> /K™,

This allows us to determine the kernel of w,. Since the action of G on us is trivial,
p2(A) consists of those maps (F[2] \ {Og}) — po which take constant values on the
G i-orbits. Since the number of non-trivial 2-torsion points is three, there must always
be some orbit of odd order. It is then clear that the norm N : ps(A) — o is surjective,
and hence that w, is injective.

From the exact sequence it is also clear that the image of w, can be identified
with the kernel of the norm on A*/A*2?. Taken together this shows that w, gives an
isomorphism

A% K~
HY (K, E[2]) ~ ker (N e KXQ)

The case p > 3. Assume now that p is an odd prime. The norm condition above
no longer describes the homomorphisms completely. Clearly any homomorphism is
homogeneous of degree 1, i.e. ¢(nP) = n¢(P) for all n € Z and P € E[p]. Recall
that E[p] is a 2-dimensional F,-vector space and that the action of Gk on E[p] and
all Gx-modules derived from it factors through GLo(F,) (one says such modules have
GLg-action). Being homogeneous of degree 1 means that the action of a central element
al € GLy(F,) is multiplication by «. For a G'x-module M with GLy-action, use M to
denote the subgroup of elements that are homogeneous of degree 1. With this notation,
we see that w : E[p] — p,(A) actually gives a map w : E[p] — j,(A)V. One can show
that

HY(K, p1,(A)W) = ker <g —0,t AYJATP — AX/AXP> :

where g is a primitive root mod p and o, denotes the map induced on A by the action
of g on E[p|] (see [SchSt, 5.2]). Thus the image of w, : H'(K, E[p]) — A*/A*P is
contained in this kernel as well.

Now suppose ¢ : E[p] — p, is homogeneous of degree 1. In order that ¢ be a
homomorphism it is necessary and sufficient that ¢(P)¢(Q) = ¢(P + Q) for all P €
Elp] \ {0g} and all Q € E[p]\ {nP : n = 1,...,p}. Attempting to encode this in
terms of a norm would lead to consideration of the algebra corresponding to the set of
unordered triples of nontrivial p-torsion points that sum to Og but are not contained
in a line through Op. This is an algebra of degree $# GLy(F,) = ¢(p* — 1)(p*> —p). The
following lemma characterizes homomorphisms in a way which allows us to get away
with something much smaller.

LEMMA 4.2. Let p be an odd prime and ¢ : Ff, — ), any map. For ¢ to be Fy,-linear
the following two conditions are necessary and sufficient.

(1) Ya € Fp, z € F2, ¢(az) = ag(x) (i.e. ¢ is homogeneous of degree 1).
(2) > ,er0(x) =0, for any affine line £ C . not passing through the origin.

PROOF: The necessity of these conditions is obvious. For the sufficiency see [SchSt,
5.7] O

90ne can check that the map induced by N after applying Theorem 90 is indeed the norm.
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REMARK: When p = 3, the homogeneity is equivalent to requiring that the sum of the
values on any line through the origin be 0. So together, conditions (1) and (2) amount
to requiring that ) ., ¢(x) = 0 hold for all lines ¢ C E[3].

Since the action of Gk on E[p] is linear, the set of all affine lines in E[p] is stable
under the action of Galois. Since O is fixed, the subset £ of those lines not passing Og
is also Gk-stable. Note that £ is derived from E[p] \ {Og} as a Gk-set in the sense of
section 3. Let B = Mapy (L, K) be the étale algebra corresponding to £. The induced
norm map (coming from the structure of £ as a derived G-set),

N’:ABQSH(EHHQS(P))eB,

Pet

encodes the second condition in 4.2. Namely, a map ¢ € u,(A)" is a homomorphism
if and only if N'(¢) = 1. Thus one has an exact sequence

— N/ —
0 — Elp] = (A = p,(B)Y.

Schaefer and Stoll have proven that this sequence remains exact when H'(K, —) is
applied [SchSt, Proposition 5.8]. So there is an exact sequence

(K, Elp]) — H'(K, u,(4) ) =5 H' (K, 1, (B)V).
Hence the image of H' (K, E[p]) in AX/A*P is equal to

ker(g — 0y A JATP — AX/AXP> ﬂker(N’ AT AP — BX/BXP> .

REMARK: There are a total of p(p + 1) lines (in E|p]), with exactly p + 1 passing
through any given point, from which it follows that #£ = p? — 1. So B is a product of
fields of degree at most p?> — 1 over K. To perform second p-descents we need a norm
condition to cut out a space of affine maps. Since these maps no longer have a fixed
point, we no longer have a reasonable notion of homogeneity. This forces us to use a
larger algebra analogous to that mentioned preceding lemma 4.2 (see section 11.2).

The proof that w, is injective is somewhat more involved than in the case p = 2.
The action of Gk on E[p] corresponds to some conjugacy class of subgroups in GLy(F),).
Essentially one classifies these and shows for each that the kernel of the induced map
is trivial. The details can be found in [SchSt, DSS].

REMARK: To define w, : H' (K, E[n]) — A*/A*™ there is no need to assume n is prime.
One can show that, when n is any odd integer, w, is injective provided the image of the
representation Gx — GLy(Z/nZ) giving the action on E[n] has large enough image
[Crl]. In the number field case, the map may fail to be injective somewhere locally
even if it is globally injective. So this is not particularly well suited to computing the
Selmer group. In general, there is an embedding into a certain quotient of (A ®x A)*
[CFOSS-I, 3.2]. Generically this algebra will contain a number field of degree O(n?)
over k, making computation of the unramified subgroup impractical. This embedding
is useful, however, when one wants to find explicit models as coverings in projective

space (see [CFOSS-I, -I1)).



4. HOW TO DO A p-DESCENT ON AN ELLIPTIC CURVE 33

Computing the unramified subgroup. Now specialize to the case that K = k
is a number field. If we identify H'(k, F[p]) with its image in AX/A*? then for any set
of primes S, we have

I (k, E[p); ) = H'(k, E[p]) N A(S, p).

In the case p = 2 this may be computed as the kernel of Ny, : A(S,2) — k(S,2)
which, after having computed A(S,2) and k(S,2) using theorem 2.3, can be reduced
to linear algebra over Fy. For odd p one needs to compute the kernels of g — o, and
N’ on A(S,p). If one also computes B(S,p) (actually it suffices to deal with B(0, p) -
see [SchSt, Section 7.1]), then the kernel of N can be computed using linear algebra
over F,,. Alternatively one can compute ker(/N’) by checking directly which elements in
the image are p-th powers in B. At least in the case p = 3, the map g — o, coincides
with the norm to a certain subalgebra. As such it is also amenable to computation via
linear algebra. In any event, computation of A(S,p) will dominate the running time.
This leads to the following result, already alluded to at the beginning of the previous
section.

THEOREM 4.3. Let E be an elliptic curve over k, p a prime and S a finite set
of primes (containing all infinite primes if p = 2). The cohomology group H'(k, E[p])
embeds in AXJA*P and there is an effective procedure for computing H' (k, E[pl; S) (as
a subgroup of A*/A*P) which is efficient modulo computation of A(S,p).

From the unramified subgroup to the Selmer group. We know the p-Selmer
group is contained in H'(k, E[p]; S) for an appropriate finite set of primes S. The next
result gives a more precise statement. It also has the practical benefit of showing that
we can usually take S to be a rather small set of primes.

THEOREM 4.4. Let S be the set of primes of k containing all primes above p, all
primes v such that the Tamagawa number of E at v is divisible by p, and all archimedean
primes if p = 2. Then

Sel?(E/k) = {¢ € H'(k, E[p]; S) | Yv € S, res,(€) € 6,(E(ky)) } -

This is [SchSt, Proposition 3.2]. We will need a similar statement when we consider
second p-descents. The ingredients of the proof will be the same; once one knows
that the Selmer group is unramified outside S, the result is obtained from a counting
argument outlined in the next two lemmas.

LEMMA 4.5. Let v be a non-archimedean prime of k. Then
#E(k,)/pE(k,) = p* - #E(k,)[p],

where d = [k, : Q,] if v lies over p and d = 0 otherwise.

PROOF: Using the theory of formal groups, one shows that F(k,) contains a finite
index subgroup isomorphic to the maximal ideal in the ring of integers of k, [Mat)].
This allows one to compute the size of the cokernel of multiplication by p. For details
see [Schl, Lemma 3.8] or [Sch2, Proposition 2.4]. O

On the other hand, the size of the unramified subgroup of H'(k,, E[p]) can be
computed using the inflation-restriction sequence.
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LEMMA 4.6. If v is a non-archimedean prime of k not lying over p, then the size
of the unramified subgroup of H'(k,, E[p]) is equal to #E(k,)[p].

ProOF: This is shown in the proof of [Schl, Lemma 3.1] O

Since the connecting homomorphism induces an injective map on E(k,)/pE(k,) we
have the following.

COROLLARY 4.7. For primes v ¢ S, the unramified subgroup of H' (k,, E[p]) is equal
to the image of the connecting homomorphism.

Since we can compute H'(k, E[p]; S) using theorem 4.3, the problem of computing
the p-Selmer group is reduced to checking, at the finitely many primes of S, which
of the finitely many elements of H'(k, E[p; S) restrict into the image of E(k,) under
the connecting homomorphism §, : E(k,) — H'(k,, E[p]). This is a finite problem.
The explicit presentation of the connecting homomorphism in terms of the function
f = (fp) makes it tractable.

Computing the local images. In practice, one makes use of the fact that A
splits as a product of number fields. If { Py, ..., P} are a set of representatives for the
Galois orbits in E[p| \ {Og}, then A ~ [], k(F;), where k(P;) denotes the extension of
k obtained by adjoining the coordinates of P;. The map f = (fp) is then determined
by its values at P; for i = 1,...,r. So it is enough to choose such a generating set and
at each P; a rational function fp, defined over k(P;), with a zero of order p at P; and
a pole of order p at Og.

The functions fp, also induce local maps which allow us to determine the image of
J, as a subgroup of AX/AXP, where A = A®k,. At each prime v we have a commutative
diagram of finite dimensional F,-vector spaces (we have identified E(k) and Pic)(E)).

E(k)/pE(k) A(S, p)
E(k,)/pE(ky) —— AXJAXP

The size of the lower left space is given by lemma 4.5. The horizontal maps are
injective, hence this is also the size of the image of f,. To compute it, it is enough to
find the images of sufficiently many independent elements of Picy, (E) under f,. The
group in the lower right can be determined using Hensel’s lemma and knowledge of the
decomposition of v in the constituent fields of A. To determine the class of any o € A
modulo p-th powers it is sufficient to know « up to some finite precision (see 111.2.2).
So in practice it is usually easier to determine independence by looking at the images
in AX/AxP.

Identifying H' (k,, E[p]) with its image in AX /AP, the image of f, is the image of the
local connecting homomorphism. Having computed it, its preimage in A(S,p) can be
found using linear algebra. Intersecting these preimages with H'(k, E[p]; S) € A(S, p),
as v runs over S, yields the p-Selmer group. All of these local computations can be
performed very quickly, whence the following result.

THEOREM 4.8. Let E be an elliptic curve over k. There is an effective procedure
for computing (a set of elements in A* representing) the p-Selmer group of E which is
efficient modulo computation of A(S,p).
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5. The interpretation as n-coverings

In the preceding sections we have dealt with the n-Selmer group as a purely alge-
braic object. In this section we discuss a geometric interpretation of the n-Selmer group
elements as coverings of the elliptic curve. In addition to the conceptual advantages
offered by a geometric perspective, the ability to represent n-Selmer group elements
as geometric objects yields two important practical benefits. Firstly, it allows search-
ing for points on the coverings. Provided one is able to produce nice models for the
coverings, this should make finding points of large height easier. Secondly, it opens up
the possibility of performing higher descents. This, the primary focus of the thesis, is
taken up in the next two chapters.

The twisting principle. The connection between the Galois cohomology groups
of the preceding sections and the geometric objects we seek is given by the so-called
twisting principle. If A is some algebro-geometric object defined over K, then a twist
of A is an object A’, also defined over K, which is isomorphic to A over some alge-
braic extension of K. Two twists are said to be (K-)isomorphic if they are already
isomorphic over K. The twisting principle states that the set of isomorphism classes of
twists of A/K is classified by the pointed set H'(K, Aut(A)) (The distinguished point
corresponding to the isomorphism class of A). The validity of this ‘principle’ depends,
of course, on the objects considered.

If A" is a twist of A, then there is an isomorphism ¢ : A" — A defined over some
extension of K. One associates to this the map

Gr2om ¢7¢ ! € Aut(A).

One can check that this is a cocycle and that its class in H'(K, Aut(.A)) does not
depend on the choice for ¢. This gives an injective map from the set of K-isomorphism
classes of twists into H' (K, Aut(A)). If A is a quasi-projective variety then this map
is also surjective, and hence an isomorphism [Ser2, Ch. V, Cor. 2 to Prop. 12]|. Thus
given a cocycle ¢ € H'(K, Aut(A)), one may form the twist of A by &.

Following [CFOSS-I, Section 1] we claim that the map will also be surjective in
all of our applications. Our objects will be quasi-projective K-varieties equipped with
additional structure. To form the twist of such an object, one first forms the twist of the
underlying quasi-projective variety. The additional structure may then be transfered
using the resulting isomorphism.

Torsors. Let G be a commutative algebraic group defined over K. A K-torsor
(7,p) under G is a twist 7 of G together with a simply transitive algebraic group
action

w:Gx7T —T

of G on 7 defined over K. An isomorphism of K-torsors 7 and 7’ under G is an
isomorphism 7 ~ 7' which is compatible with the action of G. The action of G on
itself by translation gives G the structure of a K-torsor under G and any K-torsor
under G which possesses a K-rational point is K-isomorphic to this trivial torsor.
The automorphism group of this trivial torsor is isomorphic to G. So by the twisting
principle, H'(K, G) classifies the set of K-isomorphism classes of K-torsors under G.
In this way, if E is an elliptic curve over K, then H'(K, E) classifies K-torsors
under E and any class in H' (K, E) can be represented by some smooth, projective and
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absolutely irreducible genus one curve 7'/ K with a simply transitive, Galois equivariant
action of E. This will be a trivial torsor precisely when T(K) # (). One can express
the group law in H' (K, E') geometrically in terms of these genus one curves [Sil, Exer.
10.2]. With this interpretation, the group H'(K, E) is often referred to as the Weil-
Chatelet group of E/K. Conversely, any smooth, projective and absolutely irreducible
genus one curve 1" defined over K can be given the structure of a K-torsor under its
Jacobian E. Up to isomorphism, the only possible ambiguity in the choice comes from
the automorphisms of F as an elliptic curve. When the j-invariant of F is neither 0
nor 1728, the only automorphisms are {£1}. In any case, T can be endowed with at
most finitely many non-isomorphic structures of torsor under £. We will usually abuse
notation by writing 7" for a K-torsor under E when in fact the action of F on T is part
of the data.

Similarly H' (K, E[n]) classifies isomorphism classes of K-torsors under E[n]. Such
an object is a finite G g-set together with a compatible action of E[n] which is simply
transitive. This gives a useful interpretation, but there are also others.

n-coverings. Let C' and D be smooth, projective and absolutely irreducible curves
defined over K and 7 : D — (' a finite étale morphism defined over K. We say that
(D,7) is a Galois covering if the group of K-automorphisms of D considered as a
scheme over C' acts simply transitively on each fiber of 7. In this situation we refer to
the group of K-automorphisms of the covering as the Galois group. There is a natural
action of Gx on these automorphisms. If the Galois group is abelian, then it is a
G r-module and the notions of Galois covering of C' with group M and of irreducible
C-torsor under M are synonymous. The term M-covering will also be used to mean a
Galois covering with group M.

If M is any finite Gg-module and D — C'is an M-covering, then it follows from
the twisting principle that the set of isomorphism classes of Galois coverings of C' with
group M is parameterized by H'(K, M). It is important to note that one must assume
the existence of at least one such covering. Even then, there will in general be no canon-
ical choice for a trivial covering. For this reason we interpret the set of isomorphism
classes of M-coverings of C' as a principal homogeneous space for H'(K, M) rather
than as a group. The action is given, of course, by twisting. In what follows, we will
primarily be interested in the case where M = E|[n].

DEFINITION 5.1. Let C be a smooth, projective and absolutely irreducible curve
defined over K with Jacobian E and n > 2 prime to the characteristic of K. An n-
covering of C over K 1is a Galois covering of C defined over K with Galois group
isomorphic to E[n]. We denote the set of all K-isomorphism classes of n-coverings of
C defined over K by Cov™(C/K).

Geometrically, every n-covering of C' is obtained by pulling-back the multiplication
by n map via a suitable embedding of C' into the Jacobian. When C' = F is an elliptic
curve, every n-covering of F can be viewed as a twist of the multiplication by n map
on E. This gives a canonical choice for the trivial n-covering of E. So Cov™(E/K)
is canonically isomorphic to H' (K, E[n]), and as such is considered to be a group. In
general (provided it is nonempty), we consider Cov™(C'/K) as principal homogeneous
space for H' (K, E[n]) with the action being given by twisting.

Let us quickly reinterpret the Kummer sequence

0 — B(K)/nE(K) > H(K, En]) — H(K, E)[n] — 0
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using the language of torsors and n-coverings. It is evident from the definition of the
connecting homomorphism that a point P € F(K) is mapped to the class of the
n-covering given by

WPZEBQI—)(TLQ—FP) S
Note that the image of mp on the Mordell-Weil group is the coset mp(E(K)) = P +
nE(K). If (D, ) is an n-covering of E, then by definition (D, ) is a twist of (E,n),
so there is some isomorphism 1 : D — E defined over K such that m = n o 1. This is
used to give D the structure of torsor under E via the rule

Q@ r) =y~ (¥(2) +Q)
the addition taking place on E. The map H'(K, E[n]) — H'(K, E)[n] in the sequence
is the forgetful map sending a covering (D, 7) to the class of D (with the action of
E via p above) in H'(k, E)[n]. A K-torsor under E is trivial precisely when it has a
K-rational point, so the image of E(K)/nE(K) in H'(K, E[n]) consists precisely of
those (isomorphism classes of ) n-coverings which have K-rational points.
In particular, this shows that the n-coverings of E partition its K-rational points:

E(K) = I1 m(D(K)).
(D,7)eCov(™ (E/K)
The nonempty sets in this union are the cosets of nE(K) C E(K). When K = k is a
number field, these cosets are finite in number. More generally we have the following
fundamental theorem, which goes back to Chevalley and Weil [ChWe|.

THEOREM 5.2. Let C' be a smooth, projective and absolutely irreducible curve defined
over K and M a finite G x-module. Suppose that over K there exists an M-covering of
C'. Then every K -rational point P € C(K) is the image of a K-rational point on some
M -covering of C' defined over K, which is unique up to K-isomorphism. Moreover,
if K is a number field or the completion of a number field, then only finitely many
isomorphism classes of M-coverings are represented by curves with K-rational points.

REMARK: The need to assume that a ‘geometric M-covering’ exists is forced by topol-
ogy. In order that M-coverings exist, M must be a finite quotient of the (étale) funda-
mental group of C.

Composite coverings. Let m,n > 2 be integers not divisible by the characteristic
of K, E an elliptic curve over K and (C, p) an n-covering of E. We would like to relate
the sets Covl™(C/K) and Cov!™(E/K) = H' (K, E[mn)).

There is an exact sequence,

0 — E[m] - E[mn] =~ En] — 0.
From this we deduce an exact sequence

(5.1)
B
mE(K)[mn]
where « is a connecting homomorphism.

We call any (D, 7) € H' (K, E[mn]) such that m.(D,n) = (C,p) a lift of (C, p) to
an mn-covering. There is a canonical map Cov™(C/K) — H'(K, E[mn]), given by
composing the covering maps. If (D', 7’) is an m-covering of C|, its image under this
map is the class of (D', p o w) which is an mn-covering of E. The image of this map is

— HY(K, E[m]) & H'(K, E[mn]) ™ H'(K, E[n]) > H2(K, E[m])
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the set of all lifts of (C, p) to an mn-covering. The fibers of this map are parameterized

by the finite group %

to the study of m-coverings of the n-coverings of F.

. In this way one reduces the study of mn-coverings of £

One can further reduce the problem to the study of n-coverings where n is a prime
power.

LEMMA 5.3. Suppose m and n are relatively prime and not divisible by the charac-
teristic of K. Then

HY (K, E[mn]) ~ H(K, E[m]) x H*(K, E[n])

PrOOF: Consider the exact sequence (5.1). Since H' (K, E[n]) is of exponent n and m
is prime to n, the cokernel of m, vanishes. The same argument applies to the kernel of
ix. So (5.1) reduces to the required split exact sequence.

Alternatively one can use that fact that E[mn] and E[m] x E[n] are isomorphic
G r-modules when m and n are relatively prime. O

In some situations it may be possible that an n-covering of E have no lift to an
mn-covering. The connecting homomorphism « in (5.1) gives the obstruction to finding
a lift. If C' is an everywhere locally solvable n-covering of E over a number field k, then
this obstruction vanishes everywhere locally (since the existence of points implies the
existence of a lift). Tate has shown [CaZ2, Section 5] that when m is prime, the group
H?(k, E[m)) satisfies the Hasse principle. This means any class in H?(k, E[m]) that is
everywhere locally trivial is trivial. Whence the following result.

THEOREM 5.4 (Tate). Suppose E is an elliptic curve over a number field k and
(C, p) is an everywhere locally solvable n-covering of E defined over k. Then, for any
prime number p, the set Cov?)(C/k) is non-empty.

REMARK: This result implies that every element of III(E/k) is divisible by p in H' (k, E)
for every prime p.

The Selmer set. Let C' be a smooth, projective and absolutely irreducible curve
defined over a number field k. In order that C(k) # (), C must have a point over every
completion. For curves of genus 0 it is well known that this is already sufficient. It is
equally well known that this does not hold in general. Theorem 5.2 provides another
obstruction to the existence of k-points: In order that C(k) # 0 it is necessary (and
sufficient) that for any suitable finite Gy-module M there exist an M-covering of C
defined over k with a k-rational point. Such a covering must necessarily be everywhere
locally solvable. With this in mind, we make the following definition.

DEFINITION 5.5. Let C be a smooth, projective and absolutely irreducible curve
defined over a number field k. We define the n-Selmer set of C'/k to be the set of all

tsomorphism classes of n-coverings of C' over k that are everywhere locally solvable:

Sel™(C/k) = {(D,n) € Cov™(C/k)| for all primes v, D(k,) #0}.
It is immediate that (Sel(")(C’/k) = @) = <C’(k) = @).

When C' = F is an elliptic curve, Sel™ (E/k) is a subgroup of Cov™(E/k) =
H'(k, E[n]). We already defined Sel™ (E/k) in section 2. Of course the two definitions
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are equivalent: The condition that a class & € H'(k, E[n]) restrict into the local im-
age of the connecting homomorphism is equivalent to requiring that every n-covering
representing ¢ have a local point.

Similarly, the Tate-Shafarevich group II(E/k) may be interpreted as the group of
k-isomorphism classes of k-torsors under E that have points everywhere locally. As
such, nontrivial elements are represented by smooth genus one curves over k which
give counter-examples to the Hasse principle.

We can interpret the method for p-descent described in the previous section from
this geometric perspective as well. Let S be the set of bad primes for F given in theorem
4.4. Then H'(k, E[p]; S) is the finite set of isomorphism classes p-coverings of E which
have a k, point at all primes v ¢ S. To cut out the Selmer set one needs to determine
which of these are also locally solvable at the primes in S. This was achieved alge-
braically by using the explicit description of the connecting homomorphism in terms of
the function f = (fp); In principle it could also be accomplished by determining local
solvability of the coverings.

Second descents. Performing a n-descent on F one obtains the finite group
Sel™(E/k). Determining the subgroup E(k)/nE(k) C Sel™(E/k) is equivalent to
deciding which of these n-coverings have rational points. If (C,7) € Sel™ (E/k), then
there is no local obstruction to the existence of a k-rational point on C'. But this is
not the only obstruction; C' may fail to have a rational point because Sel™(C/k) = 0.
A second n-descent determines the subgroup of Sel™ (E/k) consisting of coverings for
which this more refined obstruction is also trivial.

DEFINITION 5.6. To do a second n-descent on E means to compute Sel™ (C/k) for
some (multiple, all) covering(s) (C,n) € Sel™ (E/k).

It is clear from the definitions that the map
H' (k, E[n*]) = H'(k, E[n]).

sends the n?-Selmer group to the n-Selmer group. So one possibility for computing the
n2-Selmer group is to compute the fiber above each element in Sel™ (E/k). Up to the

equivalence furnished by the kernel in the exact sequence (5.1), ker(i,) = n’;i’;ﬁ[@}, this
is the same as computing Sel™ (C/k) for each (C,p) € Sel™(E/k). Since % is

finite and (easily) computable, the information one obtains this way is just as good.
Thus one reduces the problem of performing n?-descents on elliptic curves to that of
performing second n-descents.

REMARK: In the language of [Cal], the n-coverings (C,p) € Sel™(E/k) for which
Sel™(C'/k) # 0 are the coverings which ‘survive the second descent’. The classes of
such C in III(E/k) form the kernel of the Cassels-Tate pairing on III(E/k)[n]. For the
purposes of bounding the rank of F(k), this kernel and the second descent yield the
same information. However, performing a second n-descent gives more information.
Namely, one should be able to construct explicit models representing the coverings.

The following lemma shows that for the purpose of bounding the rank of the
Mordell-Weil group or the order of the Shafarevich-Tate group one should not need
to perform descents on every element in the Selmer group.
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LEMMA 5.7. Let E be an elliptic curve over a number field k, p a prime and suppose

that TII(E /k)[p] has order < p. Then the following are equivalent.

(1) HI(E/k)[p>] = UL(E/k)[p] ~ Z/pZ x L[pZL.

(2) There exists (C,7) € Sel® (E/k) such that Sel® (C/k) = 0.
PROOF: Let N = # (%) be the number of classes in the quotient of II(E/k)[p]
by the subgroup of elements divisible by p in III(E/k). The Cassels-Tate pairing in-
duces a nondegenerate alternating bilinear form on this quotient. It follows that N is
a square. On the other hand, (1) is equivalent to requiring that N = p?, while (2) is
equivalent to having N > 1. The result follows since p is prime. O

REMARK: Note also that when (1) holds there will be (#E(k)/pE(k))-(p*—1) elements
of the Selmer group satisfying (2), so such an example should not be difficult to find.
One can obviously employ similar tricks when the rank of HI(E/k)[p] is larger or when
p is replaced by a prime power.

6. Projective models

We now want to discuss the possibility of representing these abstractly defined
geometric objects concretely as curves in projective space. We work over a perfect field
K and fix integers m,n > 2 not divisible by the characteristic.

Period, index and genus one normal curves. Let T' be a smooth, projective
and absolutely irreducible genus one curve defined over K with Jacobian E. The period,
per(T'), of T is the least positive degree of a K-rational divisor class on T'. Equivalently,
T can be endowed with the structure of a torsor under E and per(7T') is the order of this
class in the group H' (K, F) (the order does not depend on the choice of structure). One
defines the index, ind(T"), of T to be the least positive degree of a K-rational divisor
on T'. Clearly per(T) < ind(7T"). We will say that T" has a period-index obstruction if
the two are not equal. Note also that T(K) # ) if and only if per(T) = ind(T) = 1.

For any K-rational divisor of degree n > 2 on T, the associated complete linear
system gives rise to a morphism from 7" to P"~! defined over K. For n = 2 this results
in a double cover of P! ramified in four points, which gives an (affine) model for T of
the form y? = f(z) where f € K|z]. One can arrange to have deg(f) = 4 by changing
coordinates so that the covering is not ramified above oo € P!. Such an object (or
the normalized model in the (1,2, 1)-weighted projective plane) is called a genus one
normal curve of degree 2. For n > 3, the complete linear system yields an embedding
T — P" !, The image is called a genus one normal curve of degree n. For n = 3, the
image of T is a plane cubic curve. For larger n, the homogeneous ideal of the image
is generated by a K-vector space of quadrics of dimension n(n — 3)/2. For the sake of
completeness, we will say that a genus one normal curve of degree 1 is a curve given
by a Weierstrass equation y* = f(z) with f separable and of degree 3. One easily sees
that 7" admits a model as a genus one normal curve of degree n if and only if ind(T)
divides n.

More generally, the complete linear system associated to any K-rational divisor
class on T of degree n > 2 gives rise to a K-morphism 7" — S from T to a Brauer-
Severi variety S of dimension n — 1 (see [Serl, p. 160], [CFOSS-I, 1.20], [Cl, Section
3]). Conversely, if T — S is such a morphism, then over K we have that S ~ P"~1,
Assuming T is not contained in any hyperplane, the pull-back of the hyperplane class
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is a K-rational divisor class on 7' of degree n. Such a morphism exists if and only if
per(T) divides n.

This leads to the notions of torsor divisor class pairs and Brauer-Severi diagrams.
The data for a torsor divisor class pair consists of a K-torsor T under E and a K-
rational divisor class of degree n on T'. The corresponding morphism 7" — S is called
a Brauer-Severi diagram. In [CFOSS-I, Section 1] it is shown that, up to appropriate
notions of isomorphism, torsor divisor class pairs and Brauer-Severi diagrams are both
parameterized by the group H'(K, E[n]). Recall that this group also parameterizes n-
coverings of E. If (C, p) is an n-covering, then there exists an isomorphism ¢ : C' — E
defined over K such that p = n o). This gives C the structure of a K-torsor under E.
The pull-back of n[0g| by ¢ defines a K-rational divisor class on C'. One can show that
this gives a torsor divisor class pair, whose class in H'(K, E[n]) is the same as that
of (C, p). Thus the Brauer-Severi diagram corresponding to (C, p) is the map C' — S
given by the complete linear system associated to the divisor ¢*n[0g]. This results in
a model for C' as a genus one normal curve of degree n in P"~! if and only if ¥*n[0z]
is linearly equivalent to some K-rational divisor.

The obstruction map. Recall that Pic(7) is the quotient of the group of K-
rational divisors on T" by the group of K-rational principal divisors, while Picg(7T) =
Pic(T)% is the group of K-rational divisor classes. It follows from Hilbert’s Theorem
90 that the obvious map Pic(T) — Pick(T') is injective. In general, however, it is not
surjective. To measure this failure one is naturally led to use Galois cohomology. The
Picard group is defined by the exact sequence

1 — K* — k(T)* — Div(T) — Pic(T) — 0.

Taking Galois invariants, this sequence may no longer be exact. One can deduce an
exact sequence

0 — Pic(T) — Picx(T) 2 Br(K),
where Br(K') denotes the Brauer group of K. The map d7 gives the obstruction to a

K-rational divisor class being defined by a K-rational divisor.
Following [CFOSS-I] we define the obstruction map

Ob,, : H'(K, E[n]) — Br(K)

by Ob,(§) = 0r(Z), where (T,Z) is any torsor divisor class pair representing the
class ¢ € H' (K, E[n]). From this definition we obtain the fundamental property of
the obstruction map that the Brauer-Severi diagram corresponding to an n-covering
(C, p) gives a model for C as a genus one normal curve of degree n in P*~! if and only
if Ob,((C,p)) = 0. Conversely, any genus one normal curve T" — P"~1 of degree n,
together with a structure of torsor under £ determines a unique isomorphism class of
n-coverings of F with trivial obstruction. Recall also that the torsor structure is unique
up to automorphisms of E (as an algebraic group).

O’Neil has shown [O’N] that the obstruction map is quadratic. This means that,
for any integer a, Ob,(a&) = a® Ob,(£) and that the pairing

(575/) = Obn(f + 5/) - Obn(é) - Obn(él)

is bilinear. The pairing is in fact the cup product associated to the Weil pairing on
E[n], i.e. the composition

U, : HY(K, Eln)) x H\(K, E[n]) = H(K, E[n] ® E[n]) - H2(K, j1,) ~ Br(K)[n] .
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Extension to Cov™(C/K). We now allow n > 1 with the convention that a 1-
covering is the identity map. Let (C, p) be an n-covering of F defined over K. We would
like to extend the obstruction map to the set of isomorphism classes of m-coverings of C.
To do this, we simply compose with the canonical map Cov!™ (C/K) — HY(K, E[mn])
that is given by composing the covering maps. We denote the resulting map,

Cov™(C/K) — HY(K, E[mn]) 2= Br(kK),
also by Ob,,,. The reader is cautioned that this map and, consequently, the set in the
following definition depend on the structure of C' as an n-covering of E. This slight
abuse of notation should cause no confusion.

DEFINITION 6.1. We say that an m-covering ™ : D — C' has trivial obstruction if
its image under Ob,,, is trivial. We use

Covi™(C/K) = {(D, ) € Cov'™(C/K) : Obpy((D, 7)) = 0}
to denote the set of isomorphism classes of m-coverings of C' with trivial obstruction.

The obstruction maps of levels m, n and mn are related in the following lemma.
From this one sees that Covém)(C/K) = () if Ob,((C,p)) # 0, and, in the particular
case m = n, that Ob,,2 oi, = 0.

LEMMA 6.2. The following diagram commutes.

H(K, E[m]) —> HY(K, E[mn]) ——> H'(K, E[n])

l Oby, l Obmn l Oby,

Br(K)[m] —"— Br(K)[mn]| —"— Br(K)[n]

PROOF: One can prove this using the compatibility of the Weil pairings of levels mn
and n and the fact that the bilinear form associated to the obstruction map is the Weil
pairing cup product. For details see [CS, Proposition 6]. a

REMARK: The obstruction map for n-coverings is closely related to the period-index
obstruction for the underlying curves. If T"is a K-torsor under E of period dividing mn,
then T has index dividing mn if and only if there is a map 7 : T'— F making T into an
mn-covering of £ with trivial obstruction. In particular, if per(C') = ind(C') = n, then
Covém)(C /K) # ) implies that there is some 7' € H'(K, F) with trivial period-index
obstruction such that mT = C. However, if (D, ) is an m-covering of C' and D has

no period-index obstruction it is not in general true that (D, ) has trivial obstruction
(even for C' = E).

If D is a smooth, projective and absolutely irreducible curve over K and D(K) # 0,
then Pic(D) = Pick(D). If K is a number field and D is everywhere locally solvable,
then this is the case everywhere locally. From the exact sequence Pic(D) — Pick (D) —
Br(D) and the local-global principle for the Brauer group we see that the existence of
points everywhere locally implies that Pic(D) = Pick (D). This is a result of Cassels
[Ca2, Theorem 1.2]. It follows that an m-covering = : D — C' has trivial obstruction
if D(K) # () or if K is a number field and D is everywhere locally solvable. In partic-
ular, the elements of the m-Selmer set (resp. m-Selmer group if C' = E) have trivial
obstruction.
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REMARK: Recall the exact sequence E(K) 2, H' (K, E[n]) — H'(K, E)[n] — 0. Since
the image of § consists of those classes of n-coverings which have a K-rational point,
it is tempting to think that Ob, should factor through H'(K, E)[n]. However, the
obstruction map is not a homomorphism, so this need not be the case (cf. the previous
remark).

The following lemma gives an alternative characterization of the obstruction map
when m = n which will be fundamental to our definition of the descent map in the
next chapter.

LEMMA 6.3. Let p : C — E be an n-covering defined over K, set X = p~(0g)
and let (D, 7) € Cov™(C/K). Then (D, ) has trivial obstruction if and only if there
exists a model for D as a genus one normal curve of degree n* in P! defined over
K with the property that the pull-back of any x € X by m is a hyperplane section.

PROOF: Fix isomorphisms ¢p : D — E and )¢ : C — E (defined over K) such that
the diagram

T 4P>E'

D C
TJJDJ/ d}cl

commutes. By definition (D, 7) has trivial obstruction if and only if ¢} (n?[0g]) is
linearly equivalent to some K-rational divisor. On the other hand, D admits a model
as in the statement of the lemma if and only if 7*[z] is linearly equivalent to some K-
rational divisor, for each z € X. It thus suffices to show, for all z € X, that ¢}, (n?[0z])
and 7*[z] are linearly equivalent. For this we may work geometrically. The problem is
then equivalent to showing that for any n-torsion point P € Eln|, the pull-back of P
under the multiplication by n isogeny is linearly equivalent to n?[0g]. This follows from
the well-known fact that two divisors on an elliptic curve are linearly equivalent if and
only if they have the same degree and the same sum. Indeed, the divisors in question
both have degree n? and sum to Og in the group F(K). O

Computing models explicitly. Let E be an elliptic curve over K. We have the
rather abstractly defined subset Cov((]”)(E /K) c HY(K, E[n]) of isomorphism classes
of n-coverings that admit a model as a genus one normal curve of degree n. On the
other hand, when p is prime, we have a more concrete realization of H'(K, E[p]) as
a subgroup of A*/A*P where A is the étale K-algebra associated to the non-trivial

p-torsion points of E. Given a € A* representing a class in Cov?(E/K), one would
like to be able to explicitly compute a set of defining equations.

The main result of [CFOSS-I, -II] is a method for doing just that. In fact they
allow n to be an arbitrary integer greater than 2, the situation for 2-descent having
been well-known for some time (e.g. [Ca4, Section 15]). In section 4 we remarked
that for arbitrary n, H' (K, E[n]) can be embedded in a quotient of the étale K-algebra
R* := Mapy (E[n]x E[n], K*). It is from this algebraic presentation that they compute
models explicitly. When n is prime it is also shown how to obtain representatives in
R* from the subgroup of A*/A*™ computed by the method described in section 4. So
taken together these give a method for performing explicit p-descents.
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For their method to work, they require access to a ‘Black Box” which, given struc-
ture constants for a K-algebra known to be isomorphic to Mat, (K), computes an
isomorphism explicitly. This allows them to ‘trivialize’ the obstruction algebra associ-
ated to a class in Cov(()")(E /K). For n = 2 this amounts to finding a point on a conic.
For n = 3 and K = Q there is a practical method for performing the role of the ‘Black
Box’ which is part of the 3-descent implementation in MAGMA. The details of this are
to be discussed in [CFOSS-III].

We summarize their result in the following theorem. While this becomes the starting
point for our second p-descents, the details of the method itself will not be needed in
what follows. It appears to be a feature of second descents that the explicit construction
of models requires far less work.

THEOREM 6.4. Given a ‘Black Box’ as above, a Weierstrass equation for E and
some element in R* representing an n-covering (C, p) of E with trivial obstruction, we
can explicitly compute a set of defining equations for the image of the Brauer-Severi
diagram C — P~ corresponding to (C,p). This produces a genus one normal curve
of degree n defined by:

e an equation y* = f(x) with f € K[z] separable of degree 4, when n = 2;
e a ternary cubic form with coefficients in K, when n = 3;
e a set of n(n — 3)/2 linearly independent quadrics over K when n > 4.



CHAPTER II

The Descent Map

Let p be a prime, K a perfect field of characteristic not equal to p, E an elliptic
curve over K and p : C — FE a p-covering of E. In this chapter we study the set
Covép )(C /K) of isomorphism classes of p-coverings of C' with trivial obstruction. The
main tool here is the descent map (defined in section 3). Much like the situation for

p-descents on elliptic curves, this allows us to embed Cov[()p )(C’ /K) into a quotient of
some étale algebra. When K is a number field, this set contains the p-Selmer set so this
becomes the theoretical foundation for performing second p-descents. For an outline of
the contents of this (and the next) chapter we refer the reader back to the introduction.

Throughout this chapter we make the following assumptions on C'.

e Pic(C) = Pickg(C), i.e. every K-rational divisor class can be represented by
some K-rational divisor.
e Cov?(C/K) # 0, i.e. there exists a p-covering of C' defined over K.

REMARK: These assumptions are satisfied when K is a number field and C' is ev-
erywhere locally solvable. The first is a result of Cassels [Ca2, Theorem 1.2]; it is a
consequence of the local-global principle for the Brauer group of K. The second is a
result of Tate (appearing in the same article of Cassels, lemma 6.1). It is ultimately
a consequence of the local-global principle for H'(K, E[p]). These results were also
mentioned in the previous chapter.

From the second assumption above it follows that (C,p) has trivial obstruction.
The Brauer-Severi diagram corresponding to (C, p) gives a model for C' as a genus one
normal curve of degree p in PP~!. We fix defining equations of the following form. For
p = 2, C' is a double cover of the projective line ramified in four points. We have a
model in the (1,1, 2)-weighted projective plane given by an equation u? = ¢ f(uy, us),
where f(u1,us) € K[ug,us] is a binary quartic monic in u; and ¢ € K*. The typical
affine model is given by setting uy = 1. For p = 3, C' C P? is defined by the vanishing
of some ternary cubic form U (uy, us, us) € K|uy, us, ug]. For larger p, the model is as a
(noncomplete) intersection of p(p — 3)/2 quadrics Q;(u1, ..., u,) € Kluy, ..., u,.

Note that the model for C' determines the class of (C,p) in H'(K, E[p]) up to an
automorphism of E as an elliptic curve. The model together with the structure of C
as a torsor under £ determines a unique class in H'(K, E[p]). The torsor structure is
given by fixing an isomorphism v : ¢ — E, defined over K, such that p = p o). The
set Covép )(C’ /K) studied in this chapter does not, however, depend on this extra data.
In particular, the results of this chapter apply to any genus one normal curve of degree
p satisfying the two assumptions above.

45
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1. The fake Selmer set

To motivate the coming material, we give here a summary of a naive attempt at
a second p-descent. Those who are familiar with descent on elliptic curves and other
objects would probably consider this to be the obvious thing to try. We do not give
complete proofs here since the purpose is primarily motivational.

DEFINITION 1.1. When p > 3, we say that a point x € C' is a flex point if there is
a hyperplane in PP~1 meeting C' in x with multiplicity p. For p = 2, we define the flex
points to be the ramification points of the double cover of PL. In both cases we denote
the set of flex points of C' by X.

REMARK: The terminology generalizes the classical notion of flex points of plane cubics.

Since the flex points are defined by a geometric property, they are stable under the
action of Gg. In other words, X is a Gg-set. The action of E on C restricts to an
action of E[p] on X. One can see this by noting that the flex points are precisely the
points of C' lying above 0z under the covering map. Thus X is an E[p]-torsor; its class
in H'(K, E[p]) is the same as that of the p-covering (C, p) (see [CFOSS-I, Section 1]).
It follows also that #X = p?. We use F (for ‘flex algebra’) to denote the corresponding
étale K-algebra,

F == Mapy(X, K),

and use [x] to denote the map X — Div(C') whose value at = € X is the divisor [z].

To perform a p-descent on an elliptic curve, one uses a Galois equivariant family
of functions with zeros of order p at the nontrivial p-torsion points. For performing
descent on C', the analog is a family of functions with zeros of order p at the flex points
of C. To obtain such a function we choose a linear form ¢ € F[uy, ..., u,] whose divisor
div(f) € Div(C @y F) = Map (X, Div(C)) is equal to p[x]. Existence follows from the
definition of a flex point. For p = 2 we take the linear form u; — fus, where 6 denotes
the map sending a flex point to its uj-coordinate in the affine model given by setting
ug = 1 (cf. the examples following Proposition 1.3.1). We then choose some linear form
u € Kluy,...,u,] which cuts out a divisor on C' that is disjoint from X. Their ratio
gives a rational function t := t/u € k(C ® F)*. For p = 2, choosing u = uy recovers
the function denoted ‘uy; — 6’ in the examples of 1.3.

The divisor of ¢ is div(t) = p[x] — div(u). We find ourselves in the situation of
Proposition 1.3.1, which yields a homomorphism

FX
N _
KXFXp

Recall that for a divisor class = € Picg(C'), represented by a K-rational divisor
d = > pnp|[P] with support disjoint from X and the zeros of u, ®s.ke(Z) is equal
to the class of [[¢(P)"" modulo K* F*P. In particular, if P € C(K) = Picy(C) is any
point which is neither a flex nor a pole of ¢, then its image under this map is given by
evaluating ¢ at some set of coordinates for P in K.

q)fake . PICK(C)

Suppose (D, ) is a p-covering of C' with trivial obstruction. Then by lemma 1.6.3
there is a model for D in IPle(zl : -+ 1 z,2) with the property that the pull-back of
any flex is a hyperplane section. This means we can choose a Galois equivariant family
of linear forms h, € K|z, ..., %,2], indexed by « € X, such that the divisor on D cut
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out by h, is equal to 7*[z]. The Galois equivariance means h? = h,. for all o € G.
So h = (h,) can be considered as a linear form with coefficients in F' cutting out the
divisor 7*[x] on D @k F.

On the other hand, the divisor of 7 is p[x]. So there exists some § € F* such that
the relation £ o 7 = JhP holds in the coordinate ring of D ®x F. We use this to define
a map

D fare : Cov'P(C/K) — F* /KX F*?,
sending (D, ) to the class of §. Of course one must check that this is well-defined; for
the sake of this discussion we will just assume it (cf. theorem 3.2). We will refer to this
as the fake descent map. This is simply to distinguish it from the map we define with
theorem 3.2 below.

The definition is functorial in the base field and this fake descent map has the
property that if K C L is any extension and () € D(L) is an L-rational point, then

Ci)fake((D,ﬂ')) = q)fake<7T(Q)) mod LXFLXP.

Recall that the p-coverings of C' partition its K-rational points. This property says that
the map ® a4 : O(K) = Pick(C) — F*/K*F*P factors through the set of equivalence
classes determined by this partition. Thus it can be used to obtain information on the
p-coverings of C'.

Now specialize to the case that K = k is a number field and use F;, to denote F ®k,
for a completion k, of k. We have a commutative diagram:

q)fake
FX
O(k) EX FXp
lnresv
H (I)fake,v

[L, C k)

We make the following definition.

[T, o=
v X RSP

DEFINITION 1.2. The fake p-Selmer set of C' over k is the set

Sel?) (C/k) = {0 € F* Jk*F*" : 1es,(8) € ® fape,o(C(ky)) for allv }.

REMARK: For p = 2, this coincides with the definitions in [BS, Sta]. Occasionally
one also sees the additional condition that ¢ - Np/,(6) € k*?, where ¢ is the leading
coefficient of the binary quartic defining C'. While perhaps useful in practice, this is not
needed in the definition since any global element that is everywhere locally a square is
a square and this condition is satisfied for the local images at all primes.

Suppose (D, ) € Sel(p)(C/k’), and @fake((D,w)) = 0. Then for every v, res,(9) is
the image under ® ¢4, of some k,-rational point on C. This shows that d fake MApPS
the p-Selmer set to the fake p-Selmer set. In particular, if the fake Selmer set is empty,
then so are both Sel® (C'/k) and C/(k).

When p = 2 it is known (we recover a proof in section 6) that the fake descent map
is two! to one onto its image. Each fiber consists of a pair of coverings which differ

f C has a k-rational flex point, then actually the map is injective. This case is however uninter-
esting; in addition to having an obvious k-rational point, C is trivial as a 2-covering of its Jacobian.
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only by the hyperelliptic involution on C'. In particular, the two underlying curves are
k-isomorphic.

The condition that some § in the image of ® oz lie in Selﬁ)ke(C /k) is that, for
each prime v, at least one of the two 2-coverings in the fiber above ¢ has a k,-point.
However, since the two 2-coverings are k-isomorphic, either both have a k,-point or
neither does. This allows one to conclude that ® . = Sel®(C/k) — Selgfi)ke(C /k) is
surjective. Thus, computing the fake 2-Selmer set gives an effective means of performing
a second 2-descent.

Those familiar with second 2-descents (or 2-descents on hyperelliptic curves) will
recall that the ambiguity ultimately comes down to a choice of square root of ¢ -
Np/i(6) € kX2 For larger p, the fibers can also be seen as parameterizing choices of
p-th roots, but now in a certain k-algebra (subject to various conditions and up to a
certain equivalence - cf. corollary 5.5). Consequently, the fibers can be larger and less
well-behaved. Moreover, the argument above no longer works since the coverings in a
given fiber need not be k-isomorphic as curves.

To deal with these issues, we need to somehow tease out the information ignored
by this fake descent map. Ultimately, this will require us to use a descent map induced
by Galois equivariant families of functions on C' whose zero divisors may be supported
on multiple points of X, perhaps with higher multiplicities. For example, in the case
p = 2, the ambiguity can be eliminated by using the additional function us/u2 € k(C)*,
whose zero divisor is the sum of the four flex points. In practice this is hardly necessary,
but it is indicative of the situation for odd p.

2. The linear part of the descent map

Throughout this section we work over K, an arbitrary field of characteristic not
equal to p, keeping the notation and assumptions laid out above. In this section we
suppress covering maps from the notation: when we write D € Cov? (C/K) it is im-
plicit that this means the class of some covering 7 : D — C.

Since we have assumed that there exists a p-covering of C, the set Cov? (C'/K)
is a principal homogeneous space for H'(k, E[p]) (cf. Definition 1.5.1). The action of a
class represented by a cocycle £ on a covering D is given by twisting. We use D¢ to
denote the twist of D by ¢. Both D and ¢ have canonical images in H'(k, E[p?]) and
the action of twisting coincides with the group law there. Namely, the image of D is
the sum of the images of D and £. The obstruction map Ob,, was defined in section
[.6. We now identify how this changes under the action of twisting.

LEMMA 2.1. For D € Cov??(C/K) and ¢ € H'(K, E[p]) we have
Ob,2(D¢) = CU, £+ Obr(D),
where U,, denotes the cup product associated to the Weil pairing of level n.

REMARK: Rewriting this as C'U,& = Ob,2(D +&) — Ob,2(D), we can interpret the cup
product C'U, £ as the directional derivative of Ob,. along §.

PROOF: For the proof, we identify D, D, and & with their images in H'(K, E[p?]). We
know that Ob,, is quadratic, and that the associated bilinear form is given by U,, (see
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1.6). This means that
DU, £ = Ob,e (Dg) — Obp2(D) — Ob,2 &) .

The compatibility of the obstruction maps of different levels (lemma 1.6.2) shows that
Ob,2(§) = 0. On the other hand, the Weil pairings of levels mn and n satisfy the
compatibility condition (see [Sil, IIL.8]):

for all S € E[mn| and T € E[m], enn(S,T) = €,(nS,T).
For the cup product on the left-hand side above this means
DU &= (p.D)U,§=CU,¢,

which completes the proof. O

We use C* to denote the annihilator of C' with respect to U,, i.e.
Ct={¢eH(K,E[p) : CU,E=0}.

COROLLARY 2.2. The set Covép)(C/K) is either empty or is a principal homoge-
neous space for C+ C H'(K, E[p)]).

PROOF: This is clear from the lemma and the fact that the action of H'(K, E[p]) on
Covl? (C/K) is compatible with the group law in H (K, E[p?]) O

Affine Maps. As noted above, the set X of flex points has the structure of a K-
torsor under F[p]. As such, X may be identified with the affine space underlying the
2-dimensional F,-vector space E[p|. The action of G on X factors through the affine
general linear group, which is an extension of the general linear group by the group of
translations:

1 — E[p]| — AGL(X) — GL(E[p]) — 1.
Here E[p] acts on X by translations and GL(E[p]) acts on E[p] in the obvious way.

In general, if V, W are vector spaces and A denotes the affine space underlying V/,
then a map ¢ : A — W is said to be affine if, for all z € A and P, Q) € V, one has

Pz +P+Q)+o(x) =dlx+P)+o(r+Q).

Geometrically, this says that the sums of the values of ¢ on the two pairs of opposite
vertices of any parallelogram in A are equal. We define Aff(A, W) to be the vector
space of affine maps from A to W.

Given an affine map ¢ : A — W and x € A, we can obtain a linear map Ay, : V —
W by ‘projecting onto the linear part’. This is defined by Ay, (P) = ¢(x + P) — ¢(z).

LEMMA 2.3. Ay, s linear and does not depend on the choice for x.

PROOF: First we show that A, , is independent of x. For this let 2’ € A be any other
point. There is a uniquely determined ) € V such that ' = x + (. Then for any
PeV,

ANpo(P) = Moo (P) = ¢z + P) — d(2) —d(e + P+ Q)+ o(z + Q)
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which is equal to 0, since ¢ is affine. To show Ay = Ay, is linear, let P' € V. Then
using that ¢ is affine

Ay(P+P)=¢(x+ P+ P)—¢(x)
= ¢z + P)+ ¢(x + P') — 2¢(x)
= Np(P) + Ay (P).
0

This projection gives rise to a surjective linear map Aff(A, W) — Hom(V,W). One
can easily verify that the kernel is the space of constant maps. Thus we have an exact
sequence

0— W — Aff(A, W) — Hom(V, W) — 0.

Now return to the case V = E[p] and A = X. We consider f, as an [F,-vector space

written multiplicatively. It naturally embeds in Aff(X, 11,) as the subspace of constant

maps. The group Aff(X, p1,) itself may be identified with a subgroup of Map(X, K). As
such it inherits a natural action of Gx. We have a short exact sequence of G x-modules

(2.1) 1 — py, — Aff(X, 1) — Hom(E([p], pp) — 0.

The Gg-module E[p] is self-dual via the Weil pairing. Namely, we can identify F[p]
with Hom(E[p], p,,) via

Elp] 5 P ¢,(P,—) € Hom(E[p], 1) -

REMARK: Alternatively, one can make this identification using P « e,(—, P). Since
the Weil pairing is alternating, the two differ by a sign. This controls the factor of
—1 in the next lemma. We have made our choice in deference to the formulation of
proposition 4.1 below.

Making this identification in the exact sequence (2.1) above and taking Galois
cohomology we obtain an exact sequence

(22)  HAK.p,) — H'(K, Af(X, ) — H'(K, Elp)) —5 Br(K)[p].

Here we have also identified H*(K, u,,) with the p-torsion in the Brauer group of K.
The next lemma identifies C* with the kernel of Y.

LEMMA 24. T(§) = —C U, &.

REMARK: We may consider Cov!?(C/K) as the affine space underlying the F,-vector
space H' (K, E[p]). With this interpretation the obstruction map Ob,z : Cov®(C/K) —
Br(K)[p] is affine, as one can see from lemma 2.1. Lemma 2.4 identifies T (up to sign)
as the corresponding linear map obtained by projecting.

PRrROOF: Recall that p : C' — E denotes the covering map and that ¢ : C' — E is an
isomorphism (defined over some extension of K') such that po = p. For any ¢ € G,
the map 1” — 1) corresponds to translation by an element of E[p|. This defines a cocycle
representing the class of C' in H' (K, E[p]). The cup product —C U, ¢ is the class of the
2-cocycle

Gr X Gr 2 (0,7) = ep(v =97, &) € py-
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Now let ¢ € H'(K, E[p]). T is a connecting homomorphism, so to compute Y (€)
we first choose a lift of £ to a cochain with values in Aff(X, ). For any P € E[p|, we
claim that the map ¢p : X 2 z — ¢,(P,¢(z)) € pu, is affine and that its image under
Aff(X, p,) — E[p] is P. To see that it is affine, let + € X and Q,R € E[p]. Using
bilinearity of the Weil pairing we have

op(z+Q+ R)-¢p(z) = €)(P,Y(z+ Q + R)) - (P, (2))
=ep(P,Y(x) + Q + R) - e,(P,1p(x)
= (P 9(2) + Q) - (P, h(x) + R)
=¢p(r+Q) - dp(r+ R).

The image of ¢p in Hom(E|p|, 41,,) is given by projecting onto the linear part. This is
the map

~—

R ¢p(r+ R)/pp(x) = ep(P,(x) + R)/e,(P,h(x)) = ey(P, R) .
The identification of E[p| with Hom(E[p], i,,) is given by
Elp] 5 P < ¢y(P, =) € Hom(E[p], 1) ,

so the image of ¢p in E[p| is P.

Thus T (&) is given by the coboundary of the cochain o — e,(&,,v) = e, (=1, &) €
Aft(X, p,). Here e,(—1, &) is the map z — e,(—1(x), &, ). The value of the coboundary
on a pair (0,7) € Gk x Gk is given by

Gp(—?ﬂ,fa)f : ep(_’@/}757') ep(_,@Z}Tag;)

ep(_¢7507-) - ep(—¢,§g) - eP(¢ - ¢ 750) .

This is the same as the cup product computed above, so the lemma is proven. a

When is Cov(()p )(C’/ k) nonempty? The material of this subsection will not be
needed in what follows. Suppose C' is defined over a number field £ and is everywhere

locally solvable. It is natural to ask if COV(()p )(C’ /k) is always nonempty. If so, then every
element of II1(E/k)[p] lifts (under multiplication by p) to an element in H*(k, E)[p?] of
index dividing p? (cf. the remark following lemma 1.6.2). We offer the following answer
in the case p = 2.

THEOREM 2.5. If C' € Sel®(E/k), then Covi? (C/k) # 0.

PROOF: To begin with let p be an arbitrary prime. Since we have assumed C' to have
points everywhere locally we have Ob,(C) = 0. From this and the compatibility of
Ob, and Ob,2 (see 1.6.2) it follows that the obstruction algebra associated to any

D € Cov?(C/k) is actually p-torsion. So from lemma 2.4 it follows that the image of

Ob,: : Cov'?(C/k) — Br(k)[p] is a coset of the image of Y. Evidently, CovP(C/k) # 0
if and only if this coset is equal to the image of Y.
Extending the exact sequence (2.2) defining T we have

H' (k, AE(X, 1)) — H'(k, E[p]) — Br(k)[p] - H(k, AH(X, 1))
By exactness, the image of T is the kernel of a. The discussion above shows that
the composition a o Ob,z : CovlP (C/k) — H?(k, Aff(X, fp)) is constant, equal to say

a € H?(k, Aff(X, p1,)). Morevover, Covép)(C/k) # () if and only if @ = 0. For any prime
v, we also see that Cov? (C'/k,) # 0 if and only if res,(a) = 0.
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On the other hand, for each prime v, there exists some D, € Cov? (C/k,) with
D,(k,) # 0. Such a covering must have trivial obstruction (over k,), so everywhere
locally Cov(()p )(C/ k,) # (. Consequently a € H?*(k, Aff(X, y,)) is everywhere locally
trivial. To prove the proposition it is enough to show that H?(k, Aff(X, 1)) satisfies
the Hasse principle, i.e. any class in H?(k, Aff(X, u5)) that is everywhere locally trivial
is trivial.

For the moment we will continue to work with an arbitrary prime p. To ease notation
let M = Aff(X, p,). By Poitou-Tate duality [CoN, 8.6.7], the Hasse principle holds
or fails simultaneously for H?*(k, M) and H'(k, M"), where MY = Hom(M, y1,). Our
strategy is to write down a map from H'(k, M") to a group known to satisfy the Hasse
principle. The kernel of this map is finite and depends only on the action of G on the
flex points of C'. For fixed p there are only finitely many possibilities for the action, and
for each, the kernel can be computed. For p = 2 it turns out that the map is always
injective.

Let R = Map,, (M, k) be the algebra of all Gj-equivariant maps from M to k and
let @ denote the quotient of ju,(R) = Map(M, j1,) by the subspace consisting of maps
that are homomorphisms. Then we have an exact sequence

0 — MY = uy(R) % Q — 0.

Taking the Galois cohomology of this sequence over k and its completions we obtain a
diagram with exact rows

q

fip(R) H(k, Q) H' (k, MY) H' (k, 1y (R))

| | | |

T, tp(Ro) 22 T, HO (i, Q) — [T, H' (k, MY) — TT, H! (b, s (R))

The Grunwald-Wang theorem [CoN, 9.1.11], implies that the rightmost vertical map
is injective. So if H'(k, M) — H*(k, u1,(R)) is injective, then the Hasse principle holds
for H' (k, MV).

The action of G on X factors through the affine general linear group AGL,y(F,)
and determines the action on p,. The actions of G on X, pu, and any modules derived
from the two (e.g. MY and p,(R)) depend only on its image in AGLy(F,). If this is
denoted by G, then we have a commutative diagram with exact rows:

"k, 1p(R)) == HO(k, Q) —=H'"(k, M) ——H"(k, s1,(R))

H(G, 1y(R)) = H(G, Q) —H'(G, M¥) —= H'(J, 1, (R))

The kernel of the map Hl(lj;,MV) — H'(k, up(R)) is thus isomorphic to the finite
group H(G,Q)/q(H°(G, uy(R))). Note also that this only depends on the conjugacy
class of G in AGLy(F,). For a subgroup H C AGLy(F,), let us use R(H) to denote
HO(H, Q) fg(H*(H, i, (R))).

The proof of the proposition is thus reduced to verification of the following state-
ment:

For any subgroup H C AGLy(Fy) ~ S, we have R(H) = 0.
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Up to conjugacy there are 11 subgroups of Sy. For each H, R(H) is a combinatorial
object that can be computed using linear algebra over Fy;. We have performed this
computation in MAGMA and verified, for each H, that R(H) = 0. O

For odd p, this Hasse principle can fail - we have the following example. The cubic

curve

C:x® 4+ 22 + 5oy — doyz — 922° + 2° — 2972 + 9y2® — 62° = 0

defined over Q is everywhere locally solvable. If F” denotes the extension of Q obtained
by adjoining the coordinates of all flex points of C, then its Galois group G = Gal(F'|Q)
is an extension of Z/2Z by Z/3Z x Z/37Z. The subgroup G' = Z/37Z x Z/3Z acts
transitively on X and the quotient corresponds to adjoining the cube roots of unity
to Q. A computation as in the lemma shows that R(G) ~ R(G’) # 0 and that up
to conjugacy these are the only subgroups of AGLy(F3) with this property. Above
any prime v of Q there are at least 3 primes of F” (only the ramified primes need
to be checked), so all decomposition groups are of index > 3 in G. In particular,
none of them are isomorphic to G or G'. So, for each v, R(G,) = 0 and the Hasse
principle must fail. Indeed, the kernels of R(G) — [[, R(G,) and H' (Q, Aff(X, 3)") —
[TH"(Q,, Aff(X, u13)") are isomorphic.

Of course this does not tell us that there are no 3-coverings of C' with trivial obstruc-
tion and, for the curve in question, this is not the case. With corollary 5.4 below we give
a concrete algebraic realization of Covég) (C'/k) as a subquotient of some étale k-algebra
defined by certain norm conditions. For the curve above one can check that these norm
conditions are satisfiable and so Cov((]g)(C /k) # (. Our gut feeling is that Theorem 2.5
should fail for odd p, but it seems very difficult to produce counter-examples.

Making cohomology groups explicit. We have identified O+ with the kernel
of T. By exactness of the sequence (2.2) defining T, this is the same as the image
of H'(K, Aff(X, p,)) in H'(K, E[p]). This suggests that we should look for a practical
description of H' (K, Aff(X, p1,)).

Recall that F' denotes the flex algebra Map (X, K) and that j,(F) = Map(X, y1,).
We have a canonical monomorphism Aff(X, p,) < p,(F); this is simply the observa-
tion that an affine map is a map. To obtain a description of H' (K, Aff(X 1)) we want
to extend this to a short exact sequence and take its Galois cohomology. To make this
useful, we need a better description of the quotient.

The case p = 2. A map is affine if the products of its values on either pair of
opposite vertices of a parallelogram in X are the same. For p = 2, there is only one
(nondegenerate) parallelogram in X. The norm map Np/r : F — K takes ¢ € F =
Map(X, K) to the product of its values on all vertices of this parallelogram. It is
then easy to see that a map ¢ € F* = Map(X, K*) is in Aff(X, ) if and only if
¢* = Np/k(¢) = 1. To encode this, we define a map

O:F3¢— (¢°,Np/x(9) € Fx K.
LEMMA 2.6. We have (0F*)%% = {(d,e) € F* x K* | Np/x(0) =%} and
(OF*)Cx

1 ~
H (Ka AH(Xa /‘LQ)) - OF >
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PROOF: It was noted above that the kernel of @ on F* is the group of affine maps to
1o. This gives an exact sequence

1 — Aff(X, pp) — F* 2 OF* 1.
Its long exact sequence, together with Hilbert’s Theorem 90, gives
F* 2 (0F*)9% — HY(K, AfF(X, 1)) — H'(K, F*) =0,

from which the second statement follows. The description of (9F*)%% is clear. O

REMARK: One should think of (9F )¢ as the set of elements in F* which have square
norm, together with a choice of square root for this norm.

REMARK: Let Y C Div(C') be the set containing the divisor ) __[z] and the divisors,
2[z] for z € X. Then Y is a G g-set derived from X. Its corresponding étale K-algebra
is isomorphic to F' x K and 0 : F' — F x K is simply the ‘induced norm map’ defined
in section L.3.

The case p > 3. Now assume p is odd. We want to characterize the affine maps as
above. One way would be to write down a map which encodes the property defining
affine maps. This would lead to consideration of a K-algebra of degree O(p®). We would
like to get away with less. The following easy lemma does this in the case p = 3.

LEMMA 2.7. A map ¢ : A§, — Fy is affine if and only if 3 ., ¢(x) = 0 for every
affine line £ C Ag, .

Proor: Easy. This also follows from lemma 2.8 below. a

REMARK: When p > 3 there are maps with this property that fail to be affine. This is
because the map obtained by a projection as in lemma 2.3 may fail to be homogeneous
of degree one (cf. lemma 1.4.2).

The affine lines in A[QFB correspond to the 12 unordered triples of points of the form
{z,z + P,x — P},
where z € A, 0 # P € F5 and = & P denotes the translate of 2 by +P. So the
property in the lemma can be rewritten as
¢z + P) + ¢(x — P) = —¢(x) = 2¢(z), for all x € A} and P € F3 \ {0}.

Recall that a map is affine if the sums of its values on the two pairs of opposite vertices
of any parallelogram are equal. The condition above expresses this for the degenerate
parallelograms where one pair of opposite vertices coincide.

LEMMA 2.8. Let p be an odd prime and ¢ : A%p — [F,. In order that ¢ be affine it
1s necessary and sufficient that
¢(z+ P) + ¢(x — P) = 2¢(x),
for allx € Az and P € T\ {0}.

PROOF: The necessity of this condition is clear from the discussion above. To show
sufficiency, assume the condition is satisfied and let S, T € F; and = € A7 . We must

show that ¢(z + S+ T) + ¢(x) = p(x + S) + ¢(x + T).
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Using the condition on the pairs (z + S, T), (z +7T,S), (z,S—1T) € AIZF,, x F2 we
get

px+S+T)=2¢0x+8)—¢p(z+5—-T)
e+ S+T)=20x+T)—¢(x+T—5)
20(z) = ¢z + (S =T)) + ¢(z — (S —T))
Summing these yields,
20(x + S+ T) 4 2¢(x) =2¢(x + 5) + 2¢(x + T,
which gives the result since 2 is invertible, as p is assumed to be odd. O
In order to cut out the affine maps Aff(X, p,) C u,(F) we would like to write down

a ‘norm map’ that encodes this condition. To set up for an eventual application of
proposition 1.3.1 we want to describe this in terms of divisors on C.

LEMMA 2.9. The set of divisors of the form (p—2)[x] + [z + P]+ [z — P] € Div(C),
with x € X and P € Elpl, is a Gk-stable set of hyperplane sections of C.

PROOF: The fact that these divisors form a G g-set is obvious, since both the flex
points of C' and the p-torsion points of E are themselves Gg-sets. To see that they
are hyperplane sections, we may work geometrically, considering C' as an elliptic curve
with some flex o € X as distinguished point. Note that the flex points are then
the p-torsion points on the elliptic curve (C, ). Since the model for C' is given by the
embedding corresponding to the complete linear system |p[zo]|, the hyperplane sections
are precisely those divisors linearly equivalent to p[zo]. That the divisors in the lemma
are hyperplane sections is then a consequence of the well-known fact that two divisors
on an elliptic curve are linearly equivalent if and only if they have the same degree and
the same sum. O

Before proceeding, we fix some notation. We use Y to denote the set of hyperplanes
in the lemma. It is a G g-set and we denote its corresponding étale K-algebra by H (for
‘hyperplane algebra’). Note that Y is derived from X in the sense described in section
[.3. As a Gg-set, Y splits as a disjoint union of (at least) two G x-stable subsets. The
first consists of the p? hyperplane sections of the form p[z] with z € X. These divisors
correspond to pairs (z, P) with P = 0. The other consists of those y € Y associated to
some pair (z, P) with P # 0. These two G g-subsets will be denoted by Y; and Y3; their
corresponding étale K-algebras will be denoted by Hy and Hs. As Gi-sets, X and Y] are
isomorphic and so we will identify F' with H;. Thus H splits as H ~ Hy x Hy >~ F X H,.

For p = 3, Y, consists of the 12 lines of P? that pass through three distinct flex

points of C'. For p > 5, X X % and Y3 are isomorphic as Gk-sets, a pair (z, P)
corresponding to the hyperplane section (p —2)[z] + [z + P] + [z — P]. From this we see
that #Y, = p?(p® — 1)/2. There is a canonical projection Y5 3 (z, P) — x € X. Thus,

for p > 5, Hy may be viewed as an F-algebra of degree (p* —1)/2.

Since Y is derived from X as a Gk-set, we have an induced norm map (see section
1.3):

8F9gbr—><yr—>H¢(x)>€H

TEY
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The product appearing here is to be taken with appropriate multiplicities. So, for ex-
ample, the value of d(¢) on the divisor ((p — 2)[z] + [z + P] + [z — P]) € Y is the
product ¢(z)P2¢(z + P)p(x — P).

Using the characterization of affine maps given by lemma 2.8 we have the following
analog of lemma 2.6.

LEMMA 2.10.

1 _ (OF)
HL (I, AR(X, ) = 22

PROOF: By lemma 2.8, a map ¢ € F'* is an affine map to ttp if and only if the product
of its values on any hyperplane section y € Y is 1 (i.e. if and only if it lies in the kernel
of 0). This gives an exact sequence

1—>Aff(X,,up)—>Fxﬂ>3FX—>1.

The result then follows by taking the long exact sequence and using Hilbert’s Theorem
90 as in 2.6. a

REMARK: Under the splitting, H ~ F' x H,, 0 splits as 0 = 0; X 0o, where the 0; are
induced by the structure of Y; as a G -set derived from X. Since 0;(¢) = ¢, we have
that

(OFX)Cx  {(8,2) € F* x HY : 0(6) = P}

In the case p = 2 this was sufficient to describe (0F*)“%. For odd p equality need not
hold in general. One may still, however, think of (0F*)“% as a subset of elements of
F* with p-th power norm (in H;') together with a(n appropriate) choice of p-th root
(cf. lemmas 5.3, 5.5 ).

The notation above can be made compatible with that for p = 2 used in the remark
following lemma 2.6. Namely, we take Y; to be the set of divisors of C' that are of the
form 2[z] for some 2 € X and Y3 the be the set consisting of the divisor ) _[z]. Then
H ~ H; x Hy ~ F x K and the induced norm is the same as the map 0 : F — H
appearing in lemma 2.6.

Combining the results above, we obtain the following description of C* valid for
both even and odd p. Similar statements have appeared in the literature for p = 2,
most notably [Fi4, Theorem 4.1].

COROLLARY 2.11. There is an isomorphism C+ ~ (9F*)%x /K*OF*, where for
odd p (resp. p = 2) we identify K* with its image in H* ~ F* x Hy' under the diagonal
embedding 1, : o — (a, ) (resp. the embedding 1o : o — (o, a?)).

PROOF: Lemma 2.4 shows that C* is isomorphic to H'(K, Aff(X, 1,)) modulo the
image of H'(K, j,). Lemma 2.10 (for p = 2, use 2.6) and Hilbert’s Theorem 90 allow
us to identify these groups with (9F*)9x /OF* and K*/K*P, respectively. We only
need to show that the identifications are compatible.

Set p = deg(d,). Thus p = p for odd p and p = 2p otherwise. Noting that K C F =
Map(X, K) consists of the constant maps we see that, for a € K, 9(a) = (a?,a?) €
F x H,. For any p, we have the following commutative diagram, where ¢, is the map
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in the statement of the lemma.

1 Nf Kf b Kf 1
1 —— Aff(X, ) Fx—2 gpx 1

The identifications are made by taking Galois cohomology and using that, by Hilbert’s
Theorem 90, H'(K, —) of the middle terms vanish. From this compatibility is clear. O

From now on, we will always assume K* is embedded in H* using the map in the
lemma.

3. The descent map

Recall (corollary 2.2) that Cov(()p )(C /K) is a principal homogeneous space for C*.
We have already obtained a more or less concrete description of C+ as a subgroup of
H*/K*0F*. The goal now is to give an equally explicit description of Covép (C/K)
as a coset of C* inside H*/K*9F*. This will be achieved by our descent map.

The strategy here will be similar to that used in defining the fake descent map. Re-
call the Galois equivariant family of functions t = (¢,) € kK(C® g F')* used to define this.
The zero divisor of ¢ is the map p[x], where [x] € Div(C ®x F) = Mapy (X, Div(C))
denotes the map whose value at x € X is the divisor [z]. Similarly we use [y] to denote

the element of Div(C ®x H) = Mapg (Y, Div(C)) whose value at y € Y is the divi-

sor y € Div(C'). The material of the preceding section indicates that for p-descent on
C we want a Galois equivariant family of functions defined over H with zero divisor [y].

First assume p is odd. By lemma 2.9, the divisors in Y are all hyperplane sections
of C'. So we can proceed exactly as in section 1. Namely, we choose a linear form
¢ € Hluy,...,u,| cutting out the divisor [y]. We then choose any linear form u €
Kluy, ..., u,| cutting out a divisor on C' that is disjoint from X to obtain a rational
function £ = f/u € k(C @k H)* with

div(t) = [y] — div(u).

For p = 2, we use the function denoted (u; — 6, u3) in the examples of 1.3.1. The
notation there was in terms of the affine model. In terms of the weighted projective

model, we define ¢ € k(C @k H)* = Mapg (Y, k(C)*) as the map

. { (ur — Opug)/up  if y = 2[z], and
’ Ug/u% if Yy = ZxEX {LE],

where the binary quartic defining C' factors as f(u1,u2) = [[,(u1 — 6yus). Note that
u3 has weight 2, so uz/u3 is indeed a rational function on C. To make the notation
compatible with that for odd p, we set (= (u; — Bug, uz). One is tempted to refer to 1
as a linear form with coefficients in H = F' x K (even though us is not linear). So as to
avoid making constant distinctions between even and odd p we will allow ourselves this
abuse of terminology. We also set u = us € K[uy, us]. Recalling that K is embedded in
H = F x K using the map a — (a,a?) it makes sense to write £ = {/u.
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PROPOSITION 3.1. The function ¢ induces a unique homomorphism
® : Picg(C) - H*/K*0F™

with the property that the image of any divisor class is given by evaluating ¢ at any
K -rational representative with support disjoint from X and div(u).

PrOOF: This follows directly from Proposition 1.3.1. O

REMARK: Under the splitting Y = Y] [[ Y2, we have H ~ F x H, and ¢ corresponds
to a pair of rational functions (¢1,¢s) defined over F' and Hs. The divisor of ¢; is
p[x| — div(u). This means that the fake map @44 factors as

[ HX pry .F’><
% — % —
K*OF* K*xFxp’
where pry is the map induced by projection onto the first factor. So any unproven

statements appearing in section 1 can be readily deduced from the material presented
here by simply ignoring the second factor of H.

q)fake : PICK(C)

Identifying Picj (C') with C'(K) we can think of ® as giving a map on the K-points
of C. For the points outside X and div(u), this is simply given by evaluating ¢. Note
also that the homomorphism does not depend on the choice for u. So if we like, we
may determine the image of a point by evaluating ¢ on some choice of homogeneous
coordinates. For this reason we may refer to ¢ as the linear form defining the descent
map in the following theorem.

THEOREM 3.2. The choice of linear form ¢ determines a unique well-defined map
(called the descent map)

& : Cov?(C/K) — H* JK*OF*

with the following property. If (D, ) € Cov(()p)(C'/K) and K C L is any extension of
fields with Q € D(L), then

d((D, 7)) = &(7(Q)) mod L*F) .
In particular, if D(K) # 0, then ®((D,m)) is the image of some K -rational point of C
under .

REMARK: Recall that Cov(()p )(C/K) yields a partition of the K-rational points of C,

C(K) = I1 m(D(K)).
(D,m)eCovi?) (C/K)

The defining property says that ® : C(K) — H*/K*0F* is constant on each of the
sets appearing in this partition and that the value on each is equal to the image of the
corresponding covering under the descent map.

PRrROOF: Let (D,7) € Cov(()p)(C’/K). By assumption we have a model for (D, ) as a
genus one normal curve of degree p? in PP°~1 = PP*~1(z; : -+ : 2,5), where 7 is defined
by homogeneous polynomials, 7; € K[z, ..., 22| and the pull-back of any flex point =
on C'is a hyperplane section h, of D. For any x, h, can be defined by the vanishing
of some linear form h, € K]|z1,...,2,:]. Moreover, we can choose these h, to form a
Galois equivariant family. Thus they may be patched together to obtain a linear form
h € Flz,..., 2] cutting out the divisor 7*[x] on D ®x F.
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Since the zero divisor of £ is [y] = d[x] € Div(C ®x H) we see that Ok and (o &
cut out the same divisor on D. It follows that the rational functions £o7m and Oh/uom
have the same divisor. Hence there exists some A € H* such that
oh

uoTm

(3.1) Eow:A-( ) in k(D ®@x H)*.

We define the image of ®((D, 7)) to be the class of A € H* /K*9F*.

A different choice of forms defining 7 would change the left-hand side of (3.1) by
a factor in K*. Similarly, a different choice for the form h = (h;).ex defining (h,)zex
would change the right-hand side of (3.1) by a factor in 9F*. Thus, having fixed the
model for (D, 7) in PP~ we get a well-defined element of H* /K*dF*.

Let us show that this does not depend on the model. Suppose (D', ') is isomorphic
to (D, ), and choose a model for (D/,7') in PP"~! as genus one normal curve. As
above, choose a linear form h' € F[z, ..., z,2| cutting out the divisors 7"*[x] on D’.
By assumption we have an isomorphism of coverings ¢ : D’ — D defined over K (i.e.
such that 7/ = 7o ). Let ¢* : k(D ®x H) — k(D' ®k H) denote the isomorphism
of function fields induced by ¢. Applying ¢* to equation (3.1), we obtain a relation in
R(D/ RK H),

B2 A (M)

uom

:go*(A-( Oh )) =p*(lom)=Lomop=LoT.

uworm
The divisor on D’ cut out by h o ¢ is 7'*[x], so the extremal terms in (3.2) define the
image of (D', 7') under the descent map. Thus the image of (D', 7’) is also the class of
A, which shows that @ is well-defined.

It remains to show that ® has the stated property. For this let @) € D(L) be a point
defined over some extension L of K. We can find an L-rational divisor d = >, n;Q;
on D linearly equivalent to [Q] and such that the support of d contains no points
lying above the flex points of C' or the zeros of u. The divisor [7(Q)] on C is linearly
equivalent to the L-rational divisor m.d := ), n;[7(Q;)] (e.g. [Sil, I11.3.6]). So ®(7(Q))
is represented by ¢(m.d). On the other hand, the relation (3.1) defining A gives,

i =a- (2 @,

uoTm

since deg(d) = 1. Now since d is L-rational, (-2) (d) € L*9F}. So ®(m(Q)) is repre-
sented by A as required.
(]

In what follows we will refer to a linear form h € F[zy,. .., 22| as in the proof (i.e.
such that 7*[x] = div(h)) as a linear form defining the pull-back of a generic flex. Recall

that ¢ is defined as the ratio ¢ = ¢/u. If (D,7) € Covép)(C/K) and h is a linear form
defining the pull-back of a generic flex (on some model of (D, 7)), then the image of
(D, ) under the descent map is also represented by the A € H* satisfying the relation

lom=Adh

in the coordinate ring of D.
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4. Injectivity of the descent map
The fake descent map factors through the descent map as
H* pn, F
% .
KX0FX K> Fxp

So the descent map carries more information. In this section we show that this extra
information is enough to eliminate any ambiguity.

B jape : Cov? (O ) -2

PROPOSITION 4.1. Let (D, 7) € Covi? (C/K), £ € C* and (D, ) - be the twist of
(D,m) by &. Then

O((D, ) -€) = (D, m)) - o(€) € H* /K" IF,
where ®y : C+ ~ (JF*)Gx JK*XOF* is the isomorphism given by corollary 2.11.

Recall that C* acts simply transitively on Cov0 (C/K) by twisting The proposi-
tion shows that the image of C* under <I>0 acts on the image of Cové (C/K) under &

by multiplication and that the pair ((ID CIJO) respects these two actions. Since @ is an
isomorphism, we deduce the following.

COROLLARY 4.2. Assume Cov0 (C/K) is nonempty. Then the descent map is
an aﬁ‘ine zsomorphzsm (i.e. isomorphism of principal homogeneous spaces). In par-
ticular & - Cov (C’/K) — H*/K*OF* 1is injective, and its image is a coset of
(GFX)GK/KXGFX inside H* | K*OF*.

Before giving the proof, it will be useful to put together a diagram. For any zy, € X
and P € E[p], the Weil pairing on E|[p| gives a map

Opay : X D x> ep(Pyx— x0) € 1,

where x — xy denotes the unique 7' € E[p] such that xo + 7T = z. A different choice for
xo gives a map which differs by a constant factor. Thus, the image of ¢p,, in

1o (F) /1ty = Map(X, p,)/{constant maps}

depends only on P. Nondegeneracy of the Weil pairing shows that distinct choices for
P lead to distinct maps. Thus we have an embedding E[p] < p,(F) /.

Recall that the kernel of 0|z« is the space of affine maps to p,. Since 0, is just the
p-th power map, the space of affine maps is also equal to the kernel of 9|, (7). Since
the constant maps are affine, 9, induces a map on y,(F)/pu,. For any P € E[p] and
xo € X, the map ¢p,, is affine (cf. the proof of 2.4). Now, by counting dimensions for

example, we see that the sequence

0 — Elp] — pp(F) /11y 2 p1y(Hy)

is exact.
We also have an exact sequence

1 — AFE(X, 1) = pip(F) =2 prp(Hy)

We claim that the two are compatible in the sense that following diagram commutes.
The map Aff(X, p,) — E[p] is given by projecting an affine map onto its linear part
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and then identifying F[p] with its dual using the Weil pairing (so the vertical sequence
on the left is (2.1), considered in the discussion leading up to lemma 2.4).

1 1

Note that the rows and columns are exact.
LEMMA 4.3. The diagram commutes.

PrROOF: We only need to show that the lower-left square commutes, the rest being
obvious. Let ¢ : z +— ¢(x) be an affine map. Choose some xy € X. Projection onto the
linear part is the map Ay : P — ¢(xo+ P)/¢(xo). Identifying E[p| with its dual via the
Weil pairing, A, is the unique R € E|p| such that, for all P € Ep|, ¢(xo+ P)/d(z0) =
ep(R, P). The image of this R in p,(F)/p, is the class of the map ¢p, : 7 +— e,(R, x —
xo). By the property defining R, this is equal to the map = +— ¢(xo+ (x —x0))/d(x0) =

o(x)/¢(x0). Modulo constant maps, this is the same as the image of ¢ in 1, (F), so the
diagram commutes. O

REMARK: When p = 2 the diagram has the curious property that it is self-dual upon
reflection about the obvious diagonal (e.g. Aff(X, p2) and po(F)/pe are dual as G-
modules). For odd p, a simple dimension count shows this is no longer the case.

For the proof of the proposition, we will make use of an alternative description of
the embedding E[p] — p,(F)/ pp-

LEMMA 4.4. Let D € C_ov(()p)(C'/l_() (NB: over K, not K) and let h denote a linear
form (with coefficients in F') defining the pull-back of the generic flex point on C. For
any R € Elp|, the image of R under the composition E[p| — p,(F)/p, — F*/K*

1s equal to the class of h(ﬁgf), where Q@ € D is any point chosen so that h(Q) and

h(Q + R) are both defined and nonzero.

PROOF: Let 1 : C — E be the isomorphism (defined over K) such that po ¢ = p
and let zo be the preimage of O under 9. Further, let () be any preimage of zo on D
and ¢p : D — E be the isomorphism defined (over K) by @ +— (Q — Qo). We have a

commutative diagram,

B<""p
» lﬂ
E~—0C

P
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If x is a flex point, evaluating the coefficients of h at x gives a linear form h, defining
the pull-back of [z] by 7. Consider the function h,/h,, € x(D)* and its image g, =
(V1) (he/hay) € K(E)*. The divisor of h,/hg, is 7*[x] — 7*[0], so by commutativity
div(g,) = p*[(z — z0)] — p*[0g]. By definition of the Weil pairing [Sil, IIL.8], for any
R € Elpl,

_9:(T+R)

ep(R,x — x0) = W,

where T' € FE is any point chosen so that both numerator and denominator are defined
and nonzero. Thus, we have

he (V5 (T) + R)hay (V5" (T))
ha (0 (1)) o (W, (T) + R)

Considered as an element of F* = Map(X, K*) modulo the constant maps, the right-
hand side of (4.1) is represented by the map

P T) + R) _ (o ha(W5\(T) + )
h(0p (7)) (0 1))

On the other hand, the left-hand side of (4.1) represents the image of R in y,(F)/u,,
so we are done. a

(4.1) ep(R,x — x0) =

Proof of Proposition 4.1 Let (D, ), (D¢, m¢) and £ be as in the proposition, and
fix models for everything in PP*~1. We have an isomorphism (of coverings) ¢ : D¢ — D
defined over K, with the property that ¢7(Q) = p(Q) +&, for all Q € D¢ and o € G.

Choose linear forms h and he with coefficients in F' defining the pull-backs of the
generic flex by 7 and ¢, respectively. For some A, A € H*, necessarily representing
the images of (D, ) and (D, m¢) under ®, we have

A-0h="Lomand A¢-Ohe = { o

in the coordinate rings of D and Dy, respectively. Applying ¢* to the first relation and
comparing with the second gives

A-0(hog)=A¢-Ohe

in the coordinate ring of Dg. Specializing to a point () in D¢ not lying above any flex
point of C' (i.e. so that neither h¢ nor h o ¢ vanish at ()) we have

A h(#(Q)) X\ G

Note that he(Q) and h(¢(Q)) depend on a choice of homogeneous coordinates for @,
but that their ratio does not. This is Gk-invariant since A and A¢ are in H*.
Under the isomorphism (9F*)%x /0F* ~ H'(k, Aff(X, u1,)) given in lemma 2.10,

8(%) corresponds to the class of the cocycle

o (MEQDY (e N
n: Gk (hg@) <h(¢(Q))>EMP(F> Map(X. pp).

which a priori takes values in Aff(X, p,) C p,(F). We need to show that the image of
this cocycle under the map induced by Aff(X, p,) — E[p] is cohomologous to . For
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this we make use of the following commutative diagram

(4.2) Af(X, )~ 1 (F) —— F*

| | |

Ep) =, (F) /= F* | K*

Since the horizontal maps are all injective, it will be enough to show that, for any
o € G, the images of &, and 7, in the lower-right corner are equal. For this we will
make use of the preceding lemma.

Using the fact that i and he¢ are defined over H and rearranging, we have

- (M@ (19))
0 We(Q)) ) \he(Q7)
Making use of the fact that ¢7(Q7) = p(Q7) + &, we can rewrite this as

C(h(P(Q) + & + (9(Q%) — p(Q)) [ he(Q7 +(Q — Q%)
%‘( h(2(Q)) )( he(Q7) )‘

By lemma 4.4 this represents the image of

&+ (0(Q7) — ¢(Q)) — (@7 — Q) € Elp]
under the embedding given by the bottom row of (4.2). But
(¢(Q7) = »(Q)) = (@7 = Q) = 0

(see [Sil, X.3.5]) so the images of 7, and &, in the lower right corner of (4.2) are equal.
From this the proposition follows. O

We can use a similar argument to prove the following useful lemma. This says that
we could use ¢ to perform descent on F = Jac(C'). In practice, one is likely to have
produced C' by performing a descent on F, so this is not going to yield anything new.
It does however allow us to relate the descent on C' to the descent on E.

LEMMA 4.5. The following diagram is commutative.

Pic% (C) E(K)

o [

=% (I)
OF ) 2 L HY(K, E[p])

Here 0g 1s the connecting homomorphism from the Kummer sequence associated to I,
and the composition of the bottom row is the map identifying (OF*)¢x | K*OF* with
C+ c HY(K, E[p)).

PROOF: Let = € Pic%(C) and choose a representative d € Div(C) whose support is
disjoint from X and any zeros of u. Write d as a difference d = d; — dy of effective
divisors and write each d; as a sum d; = 37| P;; of n = deg(d,) = deg(dy) (possibly

non-distinct) points on C. Now choose any (D, 7) € COV(()p C/K ) and a linear form
h with coefficients in F' defining the pull-back of the generic flex. For each P in the
support of d, choose a point @;; € D such that 7(Q; ;) = P; ;. These choices are such
that, as points on F,

p(Qij— Quy) = (Pij — Pryr) s
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for any i, 7,4, j'. In particular, pZ?:1(QLj — ()2,;) = d. So the image of = under the
connecting homomorphism is given by the cocycle

o (Z( 1;,—Q3;) — Z(Ql,j - Q2,j)> € Elp].

i=1 j=1
On the other hand, the image of Z under ® is represented by
(P ;)
E (Py)

Choose homogeneous coordinates for the Pi,j which are compatible with the action of
the Galois group (i.e. so that applying o to the coordinates of P, ; gives the homogeneous
coordinates for P7;). The class of ®(Z) is then also represented by

le(Pl,j) c I
T U(Pay) ’

where (P, ) now means evaluating the linear form on the given choice of homogeneous
coordinates for P, ;.

In the coordinate ring of D (over H) we have { o = ®((D, 7)) - dh. We can fix
forms defining the covering map 7 and choose homogeneous coordlnates for the @ ;
so that the equality 7(Q; ;) = F;; is also true for the coordinates chosen. Now since
deg(d) = 0, we have that

L Z(Pl,j) . " ah(@l,j) o - h(Q ) X
11 L On(Q2) J (H (QQJ)> =or

whereby h(Q; ;) means evaluating h at the given choice of coordinates.
Under the isomorphism (OF*)¢x /K*X0F* ~ H' (K, Aff(X, u,))/K*, ®(Z) is sent
to the class of the cocycle

j=1

o—a’/a,
where a € F* is any element such that da represents ®(Z). The argument above shows

we may take a = (H?:1 ZEg;;) Hence, the image of = in H'(K, Aff(X, u,))/K* is

represented by the cocycle n sending o € G to

No =

(@S + (@, Q3D (1 M(Quy + (Qay — Q1))
=11 ho(Q3.) ) (H h(Q15) )

j=1 j=1

Applying lemma 4.4 as in the proof of the proposition, to each factor appearing, we
see that the image of 7, in H' (K, E[p]) is equal to the class of the cocycle

Gk >0 Z ((Q7,— Q3,) — (@i — Q2,)) € Elp].
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This is the same as the image under the connecting homomorphism, so the diagram
commutes. O

5. Image of the descent map

From the preceding material we know that the image of the descent map is a coset
of (OF*)9x /K*9F* inside H* /K*0F*. We would like to say even more.

From here on use Hg to denote the image of COV[()p C/K ) under the descent
map and HY, for (OF*)9x /K*OF*. Note that 2.11 gives an isomorphism C* ~ H9..
For explicit purposes one prefers to work with representatives in H*. We set H% =
(OF*)%x C H*. To achieve the same for Hy, let P € C(K) be any point that is
neither a flex nor a pole of u. Define Hx = (¢(P)-9F*)%% . That this does not depend
on the choice for P is shown in the proof below.

LEMMA 5.1. Hg = Hy/K*OF*

PROOF: To show that Hy does not depend on P, let P’ € C(K) be any point which

is neither a zero nor a pole of ¢. Choose (D, 7) € Cov((]p)(C'/I_{) (nB: over K, not K).
Fixing a model for (D, ) and choosing a linear form h defining the pullback of the
generic flex, we get a relation £ o m = A(Oh/uo ) in k(D ®z H). Choosing points Q,
Q@' lying above P and P’ we get that

ny _ OnQ) - u(P) <U(P’)> (h(Q)) X a

(P)JL(P) = = o, € K*OF* =0F~.
I = Gn@y-ue) ~\upy ) @)

It follows that the coset £(P) - F* does not depend on P. Hence neither does its

G g-1nvariant subset. 3
Clearly if Hy is nonempty, then it is a coset of H%. So it will suffice to show that

(ﬂmé@) — <(Z)7éHK cﬂK/KXaFX) .

In section 7 we show how to construct representatives for elements of Cov((]p )(C /K)
from elements of H i, o we will assume Hy # ().

To show containment, let (D, ) € Cov(()p ) (C/K). Its image in Hy is defined by a
relation in the coordinate ring of D of the form ¢ o 7 = Adh. Evaluating at any point
Q € D not lying above a flex or zero of u, we see that A € £(m(Q))-9F*. But we know
A is Galois invariant, so it must lie in (6(7(Q)) - 9F*)K = H. O

The value of this description is that it shows that non-membership in H is stable
under base change.

~ COROLLARY 5.2. Let K C L be any extension of fields and A € H*. If A®k 11, €
Hy, then A € Hy. The same is true of H.

PROOF: At least for algebraic extensions (i.e. L C K), this is evident from the fact that
Hyx is defined by taking Galois invariants. One might be able to deduce the general
case from this. We give an alternate proof using geometric methods in 7.16 below. O

This means we can work over any extension to decide whether an element of H*
represents a class in Hy. Over a number field k, this works as follows. We pick a prime
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v of k and compute the images under ®, of all coverings (D,,,) € Covép )(C’ /k,) with
D(k,) # 0 by finding sufficiently many independent points of C'(k,), up to sufficiently
high precision, and evaluating ¢ on them (cf. Section II1.2). By the corollary, those
A € H*/E*OF* that restrict into this set necessarily lie in Hj. Those that do not may
still lie in Hj, but are certainly not in the image of the Selmer set under the descent
map. So they can be ignored.

REMARK: The analog of this statement for the fake descent map fails. In the case p = 2
for example, in order that § € F* represent the image of some 2-covering under the
fake descent map it is necessary and sufficient that ¢- Np/x(d) be a square (see below).
This means that every class in F'* /K> F*? is the image of some 2-covering defined over
a quadratic extension of K.

Explicit norm conditions.

The case p = 2. When p = 2, Hy = K and 0, is the norm from F' to K. We have
seen (lemma 2.6) that

HY = {(6,e) € F* x HY : 9,(0) =}
={(6,e) € F* x K* : Np/(6) =€},
Recall that the model for C' is given by u3 = ¢ - f(uy, us) with f monic and of degree

4 in wu;. The functions, ¢; = (u; —~9u2)/u2 and fy = uz/u3, used to define the descent
map satisfy ¢ - Np/x (1) = (3. So H is the coset

Hi ={(0,e) € F* x K* : ¢- Npjr(5) = €}

The image of Hy under the projection to F* /K> F*? gives the familiar description
(e.g [BS, MSS, Sta]) of the image of the fake descent map as the set

HIRe = {5 € F*/K*F*? : ¢- Npg(8) € K*?} .

This gives very explicit descriptions of the images of the fake and true descent maps
in terms of a norm condition. We would like something similar for odd p.

The case of odd p. Suppose (,¢) € HY. Then (d,¢) = (d1(a),dy(a)) for some
a € F*. Since 0,(a) = o we have

HY € {(6,€) € F* x HY : 8,(6) = £}

Already for p = 3 this can be a proper inclusion. To see why suppose (d,¢) € F* x HJ
with 95(9) = &P. Choosing any o € F* which is a p-th root of § we see that dy(a) = ne
for some 1 € p,(H). In order that (6,¢) be in H% we must have that 7 lies in the
image of dy|,, (7). But for p > 3, Gaf,, (g is not surjective (count dimensions).

Thus, while € is a p-th root of 95(¢), it is not necessarily the case that all p-th roots
will lead to pairs in 7:{?( One needs to impose extra conditions. We can achieve this for
p = 3 by using the second norm map induced by the structure of Y5 as a Gg-module
derived from X (see section 1.3). This is the map 04 : Hy — F' defined by

Hy = Mapy (Y, K) 3 ¢+ (5W—> H (%5(3/)) € Mapg (X, K) = F.

TRAST]
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For p = 3, the value of 95(¢) on a flex point x is the product of the values taken by ¢
on the lines (in Y3) passing through z.

LEMMA 5.3. Forp =3,

H = {(5,8) € F* x HY : 8,(6) = ¢* and d4(e) =6 - (%)} .

Since H is a coset, we have the following description.

COROLLARY b5.4. For p = 3, there exist constants € Hy and 3’ € F* such that

ﬂK:{(ée)eFxxHX 95(0) = B and 8(c) = ﬁ’é-(%)}.

PROOF: The proof makes use of the following two identities. For any ¢ € F'¥,
0505(0) = ¢° N/ (¢) and Nz yrc92(8) = Nryre(0)* .

To prove these one considers intersection divisors on C'. In the first identity, the value
of the left-hand side at a given flex z is the product (with multiplicities) of the values
of ¢ on the points lying on the lines passing through z. Every point of X other than
x lies on exactly one of these lines while x lies on all four. Thus in the product, the
value at x appears with multiplicity four, while the values at all other flexes occur with
multiplicity one. This is evidently equal to the value of the right-hand side at z. One
proves the second identity similarly. 3

Now suppose that (6,g) = (9;(a), D2(a)) € H%. Applying the identities to a we see
that 05(c) = dNg/k(a) and Ng, r(e) = Ny (0)Npyxc (). Whence, HY is contained
in the set in the statement.

For the other inclusion suppose that (6, €) is in the set in the statement. Let o € F'
be any cube root of §. Then dy(a) = ne, for some n € puz(Hy). It is enough to show
n = 05(¢) for some ¢ € pg(F), for then (5,¢) = d(al™t) € (OF*)%x = HY.

Using linear algebra over Fj one can easily check (preferably using a computer)
that

im (82 | ug(F)) = ker (8& — Nuy i | ILLS(HQ))
(actually, the identities above show “C” so one only needs to determine the dimension
of the kernel). So we have to show 05(1) = N, /x(n).

Applying 0 to 02(a) = ne we obtain
/ o / -~ NH2/K(‘€)
230u(0) = 40)34(2) = 35 - ( )

Using the first identity the left-hand side is equal to 0Np/x(c). Using the second
identity the right-hand side becomes

N /K(S)) ( N,/ (92(a)) ) ( 05(n) )
(o - | === = h(n)d - : =0Np/g(a) - | ——— ] .
2(7) ( Nr/k(9) 2(1) Nty (1) Ny i (o) pixcle) N,y (n)
Comparing this with the left hand side we conclude 95(n) = Np, k(1) as required.

To prove the corollary, we argue as follows. The divisor cut out by ¢, is 3[x], while
that cut out by (o is Oy [x]. So in the coordinate ring of C' ®x H, there is a relation
05(01) = 303, which determines 3 € Hy'. Similarly N/ (f1) - 0(fs) and &, - Np, /(£
cut out the same divisor on C. So ' € F* can be computed by taking their ratio
modulo the ideal generated by the homogeneous cubic defining C'. a
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For general p arguing similarly we obtain the following. These constants will be
used in the algorithm presented in Chapter III.

LEMMA 5.5. There ezist constants ¢ € K* and € Hy such that any (§,¢) € Hg
satisfies Np/k(0) = ¢ mod K*P and 05(6) = feP.

PRrROOF: The existence of 3 is proven exactly as in the lemma above. For the first
condition note that the divisor on C' defined by Ng4(¢;) is p times the divisor 3°_ exlz].
The divisor ) _ [7] is itself cut out by some form g € Kuy, ..., u,] of degree p. Thus,
there is some ¢ € K*, such that in the coordinate ring of C'

NF/Kgl :C'gp.

Arguing as above, we see that all (J,e) € Hg satisfy the relation in the statement. O

REMARK: In the case p = 3, one may take g to be the determinant of the Hessian
matrix of the homogeneous cubic defining C' and the choice is unique up to scalar
multiple. In general there may be many choices. In any event, the class of the constant
modulo p-th powers does not depend on the choice.

In principle one should be able to find more conditions which describe Hy com-
pletely. In practice, however, such a description is not actually necessary since we can
apply corollary 5.2 instead.

Let H}kae denote the image of Hy in F*/K*F*P under the map induced by pr;.
Then H** is the image of Cov(()p )(C’ /K') under the fake descent map and

HIoe c {6 € F*/K*F*P : 8,(8) € §- Hy"} .
The next lemma identifies a sufficient condition for equality.

LEMMA 5.6. If the natural map H' (K, 05(p,(F))) — H' (K, p1,(Hz)) induced by the
inclusion Os(p,(F')) C pp(Hz) is injective, then

Hitke — {5 € FXJKXF*? . 9,(8) € §- H)*}.
This is satisfied when p < 5.
Proor: We take Galois cohomology of the exact sequence
L= ABCX ) — iy (F) = 0a(y(F)) = 1.
This gives a commutative diagram with exact top row:
H' (K, Af(X, ) — H' (K, 1 (F)) — H' (K, 02, (F)))

| | |

(OF*)Cr [OF PP 2

The left and middle vertical maps are isomorphisms given by lemma 1.2.10 and HT90,
respectively. Up to another application of Theorem 90, the vertical map on the right
is the map in the statement. If this is injective, then the bottom row is exact. The
description of H};a " follows since it is a coset of the kernel of 0.
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Injectivity holds trivially for p = 2; the map is the identity. For the general case,
consider the short exact sequence

1= Os(p(F)) = pp(Hz2) = Q — 1,

where ) denotes the quotient. One needs to show that the map pu,(Hs) — QX is
surjective. For given p there are only finitely many possibilities (corresponding to con-
jugacy classes of subgroups in AGLy(F,)). In the case p = 3, one can check (using
MAGMA, for example) that in each case the map is indeed surjective. O

For p > 5, the same computations show that injectivity can fail. In the number field
case with p < 5, a corollary is that a local-global analog of corollary 5.2 is valid for
HI* Recall that Sel;l;)ke(C’/ k) was defined as the set of classes in F'*/k* F*P which
restrict into the image of

D fae, 1 Picy, (C) 2 M, B B hSE
at all primes of k, whereas Hiake is the image of the fake descent map
& ape : Covi? (C/K) — F*Jk*F*.
COROLLARY 5.7. For k a number field and p equal to 2 or 3, Selgfzb)ke(C/k) C Hie

ProOOF: For p < 5, lemma 5.6 gives a description of the image of the fake descent
map, both locally and globally, as the set of classes represented by elements ¢ such
that 0»(0)/5 is a p-th power. The Grunwald-Wang theorem [CoN, IX.9.1.11] implies
that an element of Hy is a p-th power if it is a p-th power everywhere locally. So if &
restricts into H,’:jke for all primes v of k, it represents a class in H,{“ke. O

REMARK: The possibility that this might fail for larger p should probably be taken as
an indication that the fake Selmer set (as we have defined it) is not the correct object
to consider.

6. The main diagram

Recall the exact diagram of section 4:

(6.1) 1 1
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Let K be the finite, although somewhat unwieldy, group
o~ HO(Ka (82(NPF))) Np<H2)
= ) 0 YY)
o (0 (1, 252) ) 0 (1 (K252

Taking Galois cohomology of the diagram above we have the following.

PROPOSITION 6.1 (Main Diagram). The following diagram is exact and commuta-
tive.

11— Kx O o WO 2 P R e Y (K 0y (,(F)))

| — Kx —= H'(K, E[p]) — H'(K, “250) 22 HY(K 0, (u,(F)))

T

Br(K)[p] === Br(K)|p]

PRrROOF: The lower of the two rows is obtained directly from the long exact sequence
of the bottom row of (6.1). Up to the identifications described below, the upper row is
obtained by taking Galois cohomology of the upper row of (6.1) and then modding out
by the images of H' (K, 1,,). A completely formal diagram chase shows that the kernels
of these two rows must be isomorphic (so that Ik is the kernel in the top row as well).

The identifications are the obvious ones following from HT90, lemma 2.10 and
corollary 2.11. One can check that the map labelled pr, is in fact induced by projection
of H ~ F' x Hy onto its first factor. This is obvious from the proof of 2.11. O

REMARK: The point of lemma 5.6 is to show that, for p = 2,3, we can replace
H' (K, 05(p,(F))) with H'/H,? without affecting exactness. In this case, J,, is equal
to the map induced by 0y : F' — Hy (as it should be). In general,

pr,(H%) € {6 € F*/KXF*? : 9,(6) € H"},
but the inclusion may be proper.
The relevant data for descent on C'is contained in a translate of the top row. For

any (6,¢) € Hx we have a commutative diagram. The lower row is an exact sequence
of groups; the upper row an exact sequence of pointed sets:

Cov?(C/K)
e
P
1 —Kg - (6,¢) Hi 2L Ker (9s.) -6 —=1
(0,¢) T “(d,¢) T -5T

0 pry

1 Kk Hi, ker (Ogy) — 1
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Suppose the image of (D, 7) € Covép)(C/K) under the descent map is (d,¢). Then
the image under the fake descent map is 6. There are #Kx isomorphism classes of
p-coverings with trivial obstruction that map to the class of § under the fake descent
map. Their images under ® are represented by the pairs 9(n) - (6,e) = (8, 0:(n)e), as

Da(n) € (Oapp(F )))GK ranges over a set of representatives for K.

When p =2, Hy ~ K and 0, : F — K is the norm. A map ¢ € py(F) = Map(X, u2)
gives a Galois invariant class in uy(F) /o if and only if ¢ takes a constant value on
each Gk orbit in X. The norm of such a map can be non-trivial only if there is some
orbit of odd order. This can happen only if there is a K-rational flex point. This shows
that K is either of order 2 or trivial, correspondingly as X (K) is or is not empty.
We recover the fact that the ‘fake descent map’ is two to one unless C' is trivial as a
2-covering of its Jacobian, in which case the map is injective. This is a special case of
the following lemma.

LEMMA 6.2. If there exists a K-rational flex point, then Kg = 0.

Proor: Using the K-rational flex as a base point for an Abel-Jacobi map to the
Jacobian gives a K-isomorphism C' ~ FE identifying X and FE[p] as Gg-sets. The
functions used to define the fake descent map are the same as those used to perform p-
descent on E' (as described in section 1.4). So injectivity follows from the corresponding
statement from p-descent on elliptic curves. O

REMARK: Unlike the case for p = 2, the converse of this statement does not hold when
p is odd. There are examples where G acts transitively on X and KCx = 0.

In general, g can be computed if one knows the Galois action on the flex points.
As previously mentioned, the action factors through the affine general linear group,
AGLy(F,) (and Kx depends only on the conjugacy class of the image). For fixed p
there are only finitely many possibilities. The following table gives some indication of
the situation for small p. The entries give the number of subgroups of AGLy(F,), up
to conjugacy, for which dimg, (Kg) is larger than the indicated value. For example, in
the case p = 3, there are 46 subgroups up to conjugacy and #Kx € {1,3,9,27}. For
46—13 = 33 of the possible Galois actions (including the generic situation) K is trivial.

p|dimg K >0[>1[>2[>3[>4
2 11 71000
3 46 13041210
5 132 2171 31]0
7 236 3741210

7. Inverse of the descent map

The main result of this section is the explicit construction of an inverse to the
descent map. Recall that Hyx C H* is the subset of elements which represent classes
in the image of @ : Cov(()p)(C’/K) — H*/K*O0F*.

THEOREM 7.1. Given A € Hy, we can explicitly compute a set of p*(p* —3)/2 lin-
early independent quadrics over K which define a genus one normal curve Da C pri-1
of degree p* and a set of homogeneous polynomials defining a map wa : Da — C
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making DA into a p-covering of C'. Moreover, the image of the class of (Da,ma) in
Covép)(C'/K) under the descent map is equal to the class of A in H.

We are going to give two proofs of this theorem (at least for odd p). The first is
strongly influenced by [CFOSS-II, Section 3]. In that paper, the problem of obtaining
models of n-coverings of elliptic curves with trivial obstruction as genus one normal
curves of degree n is considered. Their first step (in the ‘Segre embedding method’) is
to embed the curve as a genus one normal curve of degree n?. They then show that,
after projection to a suitable hyperplane, the embedding factors through the Segre
embedding P! x (P"1)¥ — P*~!. Making this factorization explicit requires an
explicit trivialization of the obstruction algebra associated to the n-covering.

In our situation, things are actually somewhat simpler. We start with a p-covering
of C. The analog of the first step of the Segre embedding method above yields a model
as genus one normal curve of degree p?. This already gives us what we are after. It
is a feature of second p-descents that no trivialization of the obstruction algebra is
necessary. One will note that this is also the case for p = 2.

Our second proof is (on its own) actually incomplete; it seems to leave open the
possibility that the scheme DA that we construct from a given A € Hy splits into
p components each of which is a p-isogeny covering? of C. The primary reason for
including it here is that it yields a proof of 5.2. Namely, one wants to know what
the construction yields if one starts with A € H* \7:(;( Not surprisingly, one gets a
0-dimensional scheme.

Another advantage to the second proof is that it gives a geometric interpretation
of the relation between the fake and genuine descent maps. In order to show that Da
is a p-covering, we first work only with 0, where A = (4, ). To it we associate a model
in P! for a (neither smooth nor irreducible) curve Ds of degree pZ’Q*1 with a map
to C. In a sense, these Djs are the geometric objects witnessed by the fake descent
map. The group H' (K, p1,(F)/1,) appearing in the main diagram can be interpreted as
parameterizing the twists of such objects, giving some explanation for its appearance
there.

An important theoretical consequence of this theorem that should not be overlooked
is that Covép )(C’ /K) is non-empty whenever Hy is. This completes the proof of lemma
5.1.

The case p = 2. We briefly recall the method described in [MSS, Sta, BS] for
constructing the coverings in the case p = 2. The only, very minor, difference here is
that we work with Hy rather than its image in F*/K*F*2.

Recall that we have a model for C' (in (1, 1, 2)-weighted projective space) given by
an equation u3 = c- f(uy,uz), where f(uj,u3) is a binary quartic, monic in u;, and
¢ € K*. The classes in Hx are represented by the elements in

Hi ={(0,e) e F* x K* : ¢-N(8) =€},

where N = Np/k is the norm. To construct the covering corresponding to (9,¢), one
considers the equation

(= (5,¢) ad(z),

2By p-isogeny covering we mean a étale covering that is geometrically Galois with cyclic Galois
group isomorphic to the kernel of some degree p isogeny on the Jacobian.
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where we think of @« € K* and z € F \ {0} as unknowns. Note that this really
corresponds to the two equations

(7.1) uy; — Quy = 6az® and uz = ca*N(z),

with coefficients in F' and K, respectively.

REMARK: Typically one works with elements of
{0 € F* :c-N(0) € K*?},

which give only the first equation. To get the second equation one needs to choose a
square oot of ¢+ N(u; — Quy) = ¢- N(§)N(az?). Note that the fiber over ¢ in H is
{(6,%¢€)}, so the only role played by ¢ is to fix this choice.

In terms of the basis {1,6,6% 63} we can write an arbitrary element of F' as z =
S°1 2071 This also allows us to identify (F\{0})/K* with the K-points of P3. Under
this correspondence 0 # z = > 2,01 € F corresponds to the point (z; : -+« : 24) € P3.

Writing the first equation in (7.1) above in terms of the basis for F' over K and
collecting powers of # gives four equations with coefficients in K:

uw =a-Qi(z1,...,24),
us =a-Qa(z1,...,24),
0=a-Qs3(z1,...,24),
O0=a-Qu4z1,...,24),

where the (); are homogeneous of degree 2. The last two equations define a quadric
intersection Dy C P2. The only role played by a is to deal with the fact that we want
to work with projective coordinates. In particular any pairs (6, ¢) and (¢’,€") which are
congruent modulo K* will yield the same curve. The equations

Uy = Q1(217"'7z4))
Ug = QQ(Zl,...,Z4),

U3:€N(21,...,Z4).

define a morphism 7. @ P* — P?(1,1,2). Using the fact that ¢ - N(§) = &, one
can check this gives a morphism 7.y : Ds — C. One can show that this is in fact a
2-covering of C' in various ways. But note already that if it is a 2-covering of C, then
it represents a class in Cov(()2)(0 /K) (we have exhibited a model) and by construction
its image under the descent map will be given by (9,¢). We outline a method that is
similar in some respects to one of the approaches taken below for odd p.

First one shows that 7(s.) is an unramified morphism of degree 4, and in particular
finite, so Dy is of dimension 1. For this it suffices to work geometrically. Over K
all flex points are defined, so in an appropriate choice of basis for F over K, the
equation u; — Quy = daz? can be written as four equations u; — 0;us = ad;z? where for
i€{l,...,4}, uy — O;us = 0 defines the tangent line to C' at the flex point (6; : 0 : 1).

Let P = (P, : P»: Ps) be any choice of coordinates defining a point in C'(K). Then
P, — 0;P, = 0 if and only if P represents the flex point (6; : 1 : 0). The system of
equations

P1—92P2:52212,Z:1,,4
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has 2* solutions (resp. 23 solutions) in F' ~ [],_, " K when P is not a flex point (resp.
is a flex point). The additional condition Py = eNp i (21, ..., 24) is satisfied by exactly
half (resp. all) of these. In projective coordinates, this gives 2% = 4 preimages of P on
Ds. We conclude that 7,y is unramified of degree 4. By Riemann-Hurwitz, Ds is a
smooth genus one curve.

One must also show that the covering is Galois with group E[2]. For this it also
suffices to work geometrically. Namely, it is enough to show that over K the corre-
sponding extension of function fields is Galois with group isomorphic to Z/2Z x Z /27
(see, for example, [Sta, 5.1.2]). For this, choose any ig € {1,...,4}. Then, for i # i,

T, = U — Oy € ()
uy — Oiyug

is a non-constant rational function in £(C)*. One can see from the defining equations
that the extension of function fields corresponding to the coverings is given by

k(C) — R(C_')(\/f c i # i) ~ k(Ds),

i.e. by adjoining square roots of the T; to x(C')*. However, the T; are not independent.
The norm condition (or comparing degrees) shows that the product of all three is a

square in k(C)*. So the extension is biquadratic, hence Galois with the appropriate
Galois group.

REMARK: An alternative to this last argument is to use that the action of ug(F) /s
on (F\ {0})/K* induces an action on P? by linear automorphisms. Under this action,
E[2] ~ ker(Npx | p2(F)/p12) leaves the space of solutions to { = (6,¢) - () invariant.
So this gives the action of E[2] on Ds by automorphisms compatible with 7(s.). One
can check directly that this action is simply transitive on each fiber.

REMARK: If one starts with (d,e) € H* \7:( K, then the construction produces a quadric
intersection Ds and a map Ds — P2(1,1,2), but this will not be a map to C' (cf.
Corollary 5.2).

The case p > 2. Let A € H*. Note that we are not yet assuming A € Hy. We
can associate to A a C-scheme Da defined over K as follows.

Fix a basis {ey, ..., ey2 } for ' = Map (X, K) over K. We can then write an arbitrary
element z € F as z = ) . z;e;. The choice of basis gives an identification of (F'\{0})/K*
with the K-points of PP~ 0 # z = 3 ze; corresponding to the point (z; : - - - : Z2) €
Pt

We start with the equation

(= ald(z)
where a € K* and z € F \ {0} are treated as unknown. The map 0 : F — H can

be written as a homogeneous polynomial of degree p in the z; and so our equation
corresponds to an equation

C(ug, ...y up) = ad0(21, ..., 2p),

where ¢ and @ are homogeneous polynomials of degrees 1 and p, respectively, both with
coefficients in H. Writing this out in a basis for H over K (extending the basis chosen
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above) and equating coefficients on the basis vectors gives a system of m := [H : K]
equations, with coefficients in K, of the form:

(7.2) linear in uy,...,u, = degree pin zj,..., 2.2 .

We claim that the matrix defined by the coefficients of the m linear forms in the
left-hand side of (7.2) has full rank (i.e. rank equal to p). For this one uses a geometric
argument; over K, ¢ splits as a tuple of linear forms defining the hyperplanes in Y and
these span the space of all linear forms in Kluy,. .., u,).

Eliminating wy, ..., u, gives a system of equations:

w=a- (21, .., 22), fori=1,...,p
O0=a-Pl(z1,...,22), fori=1....m—p

where m; and P; are homogeneous of degree p with coefficients in K. Let

{Q;(ur,...,up):j=1,...,N}
be the homogeneous polynomials defining the model for C' as a genus one normal curve
of degree p in PP~!. Recall that in the case p = 3, N = 1 and Q; is of degree 3. For
larger p, N = 7@ and the ), are of degree 2. We define Da C IPPQ*l(zl Deee i z2) as
the (reduced) K-subscheme defined by the vanishing of the polynomials in the set

{P;: 0<i§m—p}U{Qj(7T1,...,7rp): 0<j<N}.
The second set is included to ensure that the rational map

PPz e Zp2) = PP uy 1wy

defined by u; = m;(z1, . .., 2,2) restricts to a morphism ma : Do — C. Note also that if
A = A’ mod K*, then (Da,ma) = (Dar, mar). In other words, (Da,7a) only depends
on the class of A in H*/K*.

REMARK: In the case p = 3, m = [H : K| = 21, so Dx C P? is defined by 18 cubics

and one form of degree 9. For p > 3, we have m = p?(p® + 1)/2, so the model is given

by P2(P°+1) (
2

— p forms of degree p and N = ’%_3) forms of degree 2p. We will see below

p*>—3)

how to obtain a set of £ 5— quadrics generating the homogeneous ideal.

One obvious, but important, property of the construction is given in the following
lemma. This says that if (Da, ma) is a p-covering of C, then its image under the descent
map is necessarily given by A.

LEMMA 7.2. If there is some R € C(K) such that {((R) € A - K*OF*, then there
ezists some @ € Da(K) such that ma(Q) = R.

PROOF: Suppose R € C(K) is such that ((R) = aAJ(Q) with a € K* and @ € F*.

Choose homogeneous coordinates (R; : --- : R,) for R and write Q = ), e;,(); with
Q; € K. Recall that ((R) = %, where u is a linear form not vanishing at

(Ry,...,Ry). Then {(Ry,...,R,) = au(Ry, ..., R,)AIQ,...,Q,). Eliminating as in
the construction we see that
R, =au(Ry,...,R,) - m(Q1,...,Qp), fori=1,...,p,
0=au(Ry,...,Rp)  Pj(Q1,...,Qp), forj=1,... . m—p.

Note that au(Ry,...,R,) € K*. Since R € C, the equations above say that the point
(Q1:--:Qp2) lies in D(K) and is mapped via ma to R. O
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The association H* 3 A — (Da,ma) depends on the choice of basis for F' over K.
We assume all (Da, ma) are constructed using the same basis (and so live in the same
copy of IP’le). A different choice of basis leads to objects which differ only by a linear
automorphism of the ambient space. It is to be understood that this automorphism is
applied to each (Da, ma) if we change the basis.

When working geometrically, it will be convenient to use the basis of F over K given
by the characteristic functions. These are the maps e, € F' = Map(X, K) (indexed by
x € X) taking the value 1 at x and the value 0 at all ' # x. In terms of this basis,
0# z € F'\ {0} corresponds to the point z = (z,) € P”"~! with z,-coordinate given by
the value of z at . We can extend to a basis for H over K by taking the characteristic
functions on Y and identifying € X with the hyperplane in Y cutting out the divisor
plz] on C. Then J(z) splits as the tuple of polynomials, (indexed by y € Y)

d(z) = (H zx> ,

where as usual the product is to be taken with appropriate multiplicities.

LEMMA 7.3. Given A € H* we can explicitly compute a set of p?(p* —3)/2 linearly
independent quadrics over K which lie in the homogeneous ideal of Da C PPt

REMARK: We are not (yet) claiming that these quadrics define Da; we have also not
assumed that A € Hg.

PROOF: Under the splitting H ~ F'x H,, write A = (Ay, Ay). The equation ¢ = aAd(z)
corresponds to the two equations

(73) 571 = CLAlZp and ZQ = CLA282(Z) .

First consider the case p > 5. Recall that, as a Gg-set Yo >~ X X % and that
F may be viewed as a subalgebra of Hy. The hyperplanes in Y5 cut out divisors on C
of the form (p — 2)[z] 4 [# + P] + [z — P]. So there is a quadratic form N such that
ds(z) = 2P72N(z). We can obtain a homogeneous equation in H, by taking the ratio
of the two equations in (7.3) and multiplying through by 2%. We get

(7.4) E—sz = (i—j) -N(2).

To achieve the same when p = 3, recall that F' corresponds to the Gg-set X
consisting of the 9 flex points while Hy corresponds to the G k-set Y5 consisting of the
12 lines in P? passing through three distinct flex points. We can no longer view F as a
subalgebra of Hy. Instead we work with the étale algebra M = Map,(Z, K) associated
to the Gg-set Z consisting of all pairs (z,y) € X x Y5 such that x € y. Each flex is
contained in four lines, while each line passes through three flexes so

(M : F]=4and [M: Hy =3.
Recall (see section 1.3) that the ‘induced norm’
8:31><62:F—>F><H2

is given by 91(z) = z* and 92(2) = Ny, (2). So, identifying z with its image in M,
we can write O0(z) = zN(z) for some quadratic form N. Over M we can write our
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equations as
0, = aA2% and ¢y = alszN(2).

Again we can obtain a homogeneous equation in M by taking the ratio. We get an

equation i
l (AQ) ~
=-z=(-—] N(z).
7, A, (2)

Formally this is exactly what was obtained for p > 5. Note also that [M : K] =
32(3% — 1)/2, while for larger p we have [Hy : K| = p*(p* — 1)/2. So in either case,
writing the equation out in terms of the basis over K gives p*(p? — 1)/2 quadrics some
of whose coefficients are rational functions on C'. These can be eliminated using linear
algebra over K to obtain a set of quadrics with coefficients in K which vanish on Da.

We want to count the number of independent quadrics left after eliminating. For
this we may WOI‘[};] geometrically. For p > 5 we can index the elements of Y by pairs

E

(x,P) € X x 1y The linear form 0 splits over K as £ = ({(,,p)), where {(, p) is a

linear form with coefficients in K defining the hyperplane whose intersection with C' is
given by the divisor (p —2)[z]+ [x 4+ P]+ [x — P]. Note that P = 0 = O is allowed. For

p = 3 we can do the same, but with the caveat that the indexing is no longer unique.

Namely, each line y € Y, corresponds to three pairs (z, P) € X X Ll (we get one

{+1}
pair for each x € y). In any case, we can still use the index (; py to denote the factor

of H corresponding to the line in P? whose intersection with C is given by the divisor

(2] + [z + Pl + [z = PJ.
The notation is such that for distinct (x, P) € X x E%’i\l{}o}, we have distinct rational
functions ~
G(x7p) = ﬁ S R(é)x
(2,0)

with divisors div(G(,.p)) = [+ P]+ [z — P] —2[z]. Over K, we can work with the basis
of F given by the characteristic functions and use (z,) for coordinates on P?’~!. In
terms of these and the G, p) the homogeneous equation (7.4) corresponds to a system
of equations

(75) G(x,P) : Z;i = A(z,P) " Rx4+PRx—P

Elp]\{0}
ESYI

parameterized by (z, P) €
by A(I7 P)- ~

For fixed z, the (p* + 1)/2 linear forms £, py, with P € E[p|/{£1}, all define
hyperplanes meeting C' in x with multiplicity at least p — 2. This gives p — 2 nontrivial
relations among them. The matrix given by the coefficients of the €, p)(u1,. .., u,) has
rank < p—(p—2) = 2. On the other hand, the rank must be greater than one since these
do not all define the same hyperplane. This introduces a dependence among the G, p).
Alternatively one can argue that the functions G, py are all in the Riemann-Roch space
L(2[z]) which has dimension 2.

In any event, if we fix Py € E[p] \ {0}, then for any P € ZEMY e can find

a {£1} >
ap,bp € K such that

where for simplicity we have denoted A, py/A0)

G(a,p) = apG(e,p) + bp .
Using this to eliminate the G, py from (7.5) we obtain a set of quadrics

apAz,py) * ZatPyZz—py + bp - 22 = A(.p) * ZotPZa—P,
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parameterized by P € % and with coefficients in K. Since A(I, p) # 0, these
are necessarily independent. Note also that the monomials appearing in these quadrics
are all of the form z,, gz, for some @ € E[p|/{£1}. A different choice for x leads
to quadrics involving a disjoint set of monomials. So, in total this gives a set of #X -

# <%> = p*(p* — 3)/2 independent quadrics as required. 0

There is an obvious action of F* on (F \ {0})/K* by multlphcatlon The choice
of basis gives an identification of the latter with the K-points of PP°~! and hence a
representation

F*3am ¢, € PGL,y = Aut(PP" 1),

Working with the basis of I given by the characteristic functions, the representation
takes the particularly simple form a = (a,) — Diagonal(a,); thls is just coordinate-
wise multiplication. Assuming we are working with a basis for F' over K, we see that
for any extension of fields K’/ K,

0o € PGL2(K') & o € (F @k K')*

LEMMA 7.4. For any A € H* and o € F*, the action of a on PP*~! induces an
isomorphism (of C-schemes) oo : Dy(ay.a — Da.

COROLLARY 7.5. Let A € H* and (Da,mwa) be the corresponding C-scheme. The
coset AHY, C H*/K*OF* parameterizes a set of twists of (Da,7a) as a C-scheme
defined over K up to K-isomorphism.

PROOF: To prove the lemma, use that D(a).a is defined by the equation £ = 9(a)Ad(z).
If @ € Dp(a).a is any point mapping to, say P € C, then the point aQ) € PP’ evidently
satisfies

Ad(aQ) = Ad(a)d(Q) = £(P) mod K* .
The equivalence here is meant for any choices of coordinates for P and (). This means
a() is a point of Da lying above P. This proves the lemma.

The lemma implies that if A € H*, then the C-schemes corresponding to the
clements of AHY = A(OF*)% are all twists of (Da,ma). The isomorphism ¢, :
Dyaya — Da is defined over K if and only if o € F* in which case 0(«)A and A
differ by an element of K*9F*. So A'HY- parameterizes the corresponding twists in
A?’Y?( up to K-isomorphism. O

By definition, any twist of a p-covering is a p-covering, so we can reduce to the
geometric situation. To prove the theorem, it is enough to show that there is some
A € Hg such that (Da,ma) is a p-covering of C' defined over K. The proof of the
following lemma also shows that for A € Hy, the p*(p® — 3)/2 quadrics obtained in
lemma 7.3 generate the homogenous ideal of Da.

LEMMA 7.6. There exists some A € 7:[1? such that (Da,ma) is a p-covering of C.

PRrROOF: For this we may work over K, using the basis given by the characteristic
functions and z, for coordinates on PP°~!. Choosing any flex point 2o € X as origin,
we may consider (C,zg) as an elliptic curve over K. Denote the multiplication by p
map on (C,zg) by 7 : C' — C. This is a p-covering of C. We are going to find some
A € H* representing the image of (C,7) under the descent map and then show that
the scheme DA produced by the construction above is equal to the image of (C,7)

. . . 2_
under a certain embedding into PP" ! as a genus one normal curve of degree p*.
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To compute the image of (C,7) under the descent map we use the definition.
Namely, we embed C' in PP*~! in such a way that the pull-back of any flex point is
a hyperplane section. This amounts to finding a basis for the Riemann-Roch space of
the divisor 7*[]. For each z € X, we can find a rational function G, € x(C)* with
divisor div(G,) = 7*[z] — 7*[x]. For existence of these functions, note that 7 is mul-
tiplication by p on the elliptic curve (C, zg) and recall that the Weil pairing on (C, x¢)
is defined in terms of such functions (see [Sil, II1.8]). By Riemann-Roch the dimension
of L(m*[xg]) is p? = #X. Clearly the G, lie in the Riemann-Roch space, so it will
suffice to show that they are linearly independent. This follows from the definition of
the Weil pairing; the G, are eigenfunctions for distinct characters with respect to the
action of X = C/[p| by translation. (see the first paragraph of the proof of Prop. 3.3 in
[CFOSS-I1]).

Thus we may define an embedding of C' into PP*! via
g:C 3P (Gy(P))gex € PP 1.

It is evident that the pull-back of any flex point € X by 7 is the hyperplane section
of g(C) € PP~ cut out by z, = 0. Let Q € C'\ C[p?] be any point, with projective
coordinates ¢(@). By the definition of the descent map, the image of (C, ) under the
descent map is represented by the A € H* such that

(7.6) U(m(Q)) = AJ(9(Q)) .

By definition we have that A € Hz.

Equation (7.6) was also used to construct Da. So it is clear that ma 0 g = 7 on
C'\ C[p?] and that the image of this open subscheme under g is contained in Da. Since
Dp is projective (hence complete), this is then true on all of C. We conclude that
g(C) C Da and that mp o g = 7. On the other hand, ¢(C) is a genus one normal
curve of degree p?. Its homogeneous ideal can be generated by a K-vector space of
quadrics of dimension p?(p* —3)/2. We have already found a set of p?(p? — 3)/2 linearly
independent quadrics vanishing on D in lemma 7.3, so we must have g(C) = Da.
Thus (Da,ma) is a twist of (C, 7). This completes the proof. O

Alternate proof of Theorem 7.1. The second proof involves a more direct exam-
ination of the defining equation(s) of Da. Again we work over K with the basis given by
characteristic functions. We will also suppress the base field from the notation, writing
H and H for Hz and Hp-. o )

The linear form ¢ splits completely over H as ¢ = ({,),cy, the £, being linear forms
defining the hyperplanes y € Y. The equation

{ = aAd(z)
used to define Da becomes the system of equations (indexed by y € Y')

Cy(ug, ... up) = aAszx,

rey
where as usual the product is to be taken with appropriate multiplicities. We will also
use the index , to denote the factor of H corresponding to the hyperplane in ¥; C Y
which cuts out the divisor p[z] on C. Recall also that in this basis, the action of F’
on PP is simply coordinate-wise multiplication.
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Construction of Ds. Let A € H*. Under the splitting H ~ F x H,, we will write
A = (6,¢). In terms of the basis over K, § = (0,)zex and € = (&,)yey,. The p? hyper-
plane sections of C' supported on a single point (i.e. the p[z] for x € X)), correspond to
equations

l, = ad, 2>

P,xeX.
In completely analogous fashion to the construction of DA at the beginning of this
section, one can use these p? equations, together with the homogeneous polynomials
defining C' C PP, to define a C-scheme, D; C PP*~1.

For p = 37 Dy is given by 6 cubic forms and one form of degree 9. For larger p it
is given by p? — p forms of degree p and p(p — 3)/2 forms of degree 2p. In both cases
the map 75 : Ds — C'is given by p forms of degree p. The construction works for any
§ = (0,) € F* and (D;, ;) can be defined over the minimal field of definition of § and

only depends on the class of 4 modulo K *.

LEMMA 7.7. Ds is a curve® in PP°~Y. The map 75 : Dy — C is of degree pP" L. It
ramifies only above the flex points of C' where the ramification indez is p.

PROOF: For all of these statements it suffices to count preimages of points P € C.
The points of Ds above P € C' correspond to solutions to the system of equations
éx( ) = 6,2P. Note that, since (, defines a hyperplane meeting C' only at the point z,
(,(P) =0 if and only if P = z.

For P ¢ X we get p choices for each z, (the p-th roots of £,(P)/d,), which in
homogeneous coordinates correspond to pp2_1 points on Ds. For P € X exactly one of

the /,(P) is 0, so we have a factor of p fewer solutions. O

The splitting of Ds. If A = (5,€) € F* x H), then Dy is a (possibly empty)
subscheme of Ds. The following lemma shows that it is those (4,¢) € H that provide
something interesting.

LEMMA 7.8. Let (6,¢) € H*. If (6,2) ¢ H, then D) consists of finitely many
points lying above the flex points of C. If (d,¢) € H, then any Q € Dy is contained in
D5y for some (5,€') € H.

PROOF: Suppose Q € Ds lies over P ¢ X. If Q € D5y, then (for an appropriate choice
of homogeneous coordinates for P and Q) we have ((P) = (8,£)d(Q). By definition,
this implies (6, ) € H, which proves the first statement.

If (6,¢) is in H, we can write (6,¢) = (d, e) - () where (d,e) = {(P) and a € F*.
Then for all z € X, £,(P) = 6,Q" = d.(,Q.)?. The divisors on C' cut out by 9((,),

and (Z )P are equal, so there are constants 3, € K> (see lemma 5.5) such that for all

y € Ya, 05(0a(P)), = Byly(P)" and y(d,), = Byel
Applying 05 to the equations Em( )= dm(axQI) gives:
Byl (P)? = B,eh0a(aeQu )y, for y € Ya.

Canceling 3, and taking a p-th root of this relation, we see that there is some e’ =
(e},) € Hy such that

ly(P) = e,0(0:Qq)y -

3We are not claiming Dj is irreducible nor that it is smooth.
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From this it is clear that @ € Dgen.a(a) - Since ) does not lie above a flex, the first

part of the lemma implies that (d,€’) - 9(«) € H.

This proves the second statement under the assumption that () does not lie above
any flex point. The statement for the finitely many remaining () is given in the proof
of 7.14 below. One can check that the logical dependence is not circular. a

Over K, the fibers of the projection pr, : H — F*/K*F*? are trivial (since both
groups are in fact trivial). At the level of representatives we have the following.

LEMMA 7.9. Let d € F*. The preimage of § in H is either empty, or is a coset of
Ay (F)) € H*. In particular, the number of preimages is either 0 or p? =3,
ProoF: We have an exact sequence

T

1 —— (pp(F)) — gF* —> 1

|

_ P _
HX*1>H1X

where the map on the right is projection onto the first factor. But H is a coset of
OF* = H°, so the first statement is clear.

For the second statement, recall that 0 was chosen so that its kernel is the F,-vector
space of affine maps Aff(X, p,). Hence

dimg, 9(j1,(F)) = dimp, p1,(F) — dimg, Aff(X, ) = p> — 3,

as required. a

The numerology suggests that Ds, which is of degree p?*~! over C, should split into
PP = #0(u,(F)) components each of degree p? over C' and corresponding to some
(0,¢) in the fiber over 6. For this to work out, we first need to check that the D, are in
fact distinct. For this we make use of the action of y,(F)/pu,. Recall that F* /K> acts
on Pr*-1 by automorphisms. In terms of the basis given by the characteristic functions,
this is just coordinate-wise multiplication.

Given (6,e) € H, the fiber over 8 is {d(n) - (5,€) : 1 € py(F)} € H. By lemma
7.4, the corresponding C-schemes, Dy().(s¢), are permuted transitively by the action
of yy(F)/pp C F*/K* on PP~

LEMMA 7.10. Under the action of ji,(F)/pp, m-Dse) = Disey if and only if 9(n) =
L. Ifn-D¢sey # Dsey, thenn- Doy Disey is contained in the union of the hyperplanes
{z, =0} forz e X.

PROOF: Suppose @ € D(;.) with homogeneous coordinates (Q)zex. In order that
Q € Da@).(5,¢) it is necessary and sufficient that

Ey H Qﬂﬁ = a(n)ygy H Q:c = &y H ana:

for each y € Y (up to a constant in K*, uniform in y). This is equivalent to requiring
that d(n) take the same value at all y € Y such that [] ., Q. # 0.

If ) does not lie above a flex point, Hmey (. is nonzero for all y, and so the above
holds if and only if d(n) is constant. Since dy(n) = n? = 1, this implies d(n) = 1.
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This proves the first statement. The second statement follows from the fact that these
hyperplanes contain the fibers above the flex points. O

DEFINITION 7.11. We call a class in ji,(F)/pu, a pseudo-reflection about the hy-
perplane {z, = 0} if it is represented by a map n € p,(F) = Map(X, u,) with value
equal to 1 at all flex points not equal to x, and equal to a nontrivial p-th root of unity
at x.

REMARK: The terminology comes from the fact that the action of a pseudo-reflection
about {z, = 0} on PP°~! leaves the hyperplane fixed and has order p. A pseudo-
reflection of order 2 is a reflection.

LEMMA 7.12. 1,(F)/p, acts on Ds by automorphisms (as a C-scheme). A point
Q € Ds is fized by n € p,(F) /1, if and only if Q lies above the flex point x and 1 is a
pseudo-reflection about the hyperplane {z, = 0}.

PROOF: The fact that p,(F)/u, acts by automorphisms on Ds is clear from the defining
equations, /, = 0,20,

For the second statement, let @ = (Q,) € D. If n represents some class 77 €
iy (F) /iy, then Q = @ if and only if there is some ¢ € K* such that ¢Q, = 7,Q, for
all z € X. This happens if and only if the value of 7 is the same at all x where @), # 0.
But @, = 0 if and only if @ is in the fiber above x € X. So the statement is clear. O

COROLLARY 7.13. If P € C is any point, then u,(F)/u, acts transitively on the
fiber w5 1 (P).

PrOOF: The stabilizer Sp of any fiber is either trivial (if P ¢ X) or of order p (if
P € X). Comparing with 7.7 we see that in either case

#rs (P) - #Sp = H#11p(F) /1y -

So the action is transitive. O

PROPOSITION 7.14. Let (0,€') € H. Then Dy splits as a union of distinct C-schemes

Ds = U Dsey

the union running over the pp2*3 elements (d,¢€) € H in the fiber above &. Moreover,
each D(s.y is an unramified covering of C' of degree p*.

We prove the proposition below. First we give two important corollaries and some
discussion of how this relates to the descent map.

COROLLARY 7.15. Suppose A € Hy. If Da is connected, then (Da,ma) is a p-

covering of C representing a class in Cov(()p)(C/k) and its image under the descent map
1s the class of A.

PRrROOF: We know that mp : Do — C' is an unramified covering of degree p? defined
over K. Lemma 7.10 shows that

Elp] = ker (1 (F) /11y 2 pip(Hz))
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acts on D by automorphisms which are simply transitive on each fiber. It follows that
(Da,7a) represents a class in Cov®)(C'/K). Since we have exhibited a model of degree

p? in PP~ this class is in Cov((]p )(C /K). By construction, the image of this class under
the descent map is the class of A in Hy (cf. 7.2). O

Assume 0 is as in the proposition and in addition that § € F*. Then Dy is defined
over K. The splitting in the proposition occurs over K. The set of components defined
over K is in one to one correspondence with the preimage of § in H . This preimage
is either empty (in which case § does not represent the image of any p-covering under
the fake descent map) or is a coset of (9a(,(F)))¢% (cf. lemma 7.9 and the diagrams
of section 6). The Gg-invariant subgroup of u,(F')/u, acts on these K-defined compo-
nents, its orbits being the K-isomorphism classes. This gives a geometric interpretation
of the group Ky appearing in the diagrams of section 6. Namely it parametrizes the
K-isomorphism classes of the K-defined components of Ds under the splitting given
in the proposition. These components, in turn, represent the isomorphism classes of
p-coverings of C' defined over K whose image under the fake descent map is equal to
the class of 9.

We have seen in lemma 7.12 that Aute(Ds) =~ jui,(F)/pu,. By the twisting principle,
the twists of D; are parameterized by the group H'(K, u,(F)/p,) appearing in the
diagrams of section 6. Using the explicit description of the action pu,(F)/u, on PP~
we can write down matrices in PGL,2 giving the action of E[p] on Dys.. This will likely
be useful when trying to perform minimization and reduction to obtain ‘nicer’ models.

As a second corollary, we have a proof of lemma 5.2 above.

COROLLARY 7.16. Suppose A € H* and K C L is any extension of fields. If
A®1L€HL, the’fLAGHK.

PROOF: Lemma 7.8 and the proposition show that Da has positive dimension if and
only if A € Hg. But this is a geometric property. In particular, Dagi, = DA Xgpec(k)
Spec(L) can only be of positive dimension if D is as well. a

Now we prove the proposition.

PROOF OF PROPOSITION 7.14: That Ds splits as in the statement follows from
lemma 7.8, but the proof of this lemma is not complete. It remains to show that points
in the fiber above a flex point lie on some D(s.) in the union. For this note that each
D5y appearing is a curve with a non-constant hence surjective map to C'. Hence, given
x € X, there exists some ) € D5.) above x. By 7.13, the fiber above x in D; is the
orbit of z under the action of 4,(F')/f,. But each point in this orbit lies on some D)
appearing in the union.

We have seen in lemma 7.9 that the union runs over a set of size pp2_3. IfPé¢Xx,
then the fibers above P on distinct Dy, are disjoint (7.10). The action of 1,(F)/p,

then shows that fiber above P on any D(;.) must have size ]37”2*1/]91”2*3 = p?. So each
D5 s of degree p* over C.

The only possible branch points are the flex points, since these are the only branch
points of Ds. On Dy all the ramification points have index p. So it suffices to show that
at least p distinct D(5.) come together at each ) € Djs lying above a flex. It is easy to
see that if 7 is a pseudo-reflection about {z, = 0}, then 9(n) # 1. Now using lemmas



84 II. THE DESCENT MAP

7.10 and 7.12, this shows that the orbit of any D) under n consists of p distinct
curves, which all share a common fiber over x. This completes the proof. O

In order to complete the proof of Theorem 7.1 (without using lemma 7.6) one
would need to show that the curve D associated to some A € H is (geometrically)
connected. Let us suppose for the moment that Da splits (over K) into n irreducible
components D;. Since Dp is non-singular, the D; are necessarily disjoint inside PPt
The action of E[p] C u,(F)/u, must permute the components transitively, so there are
three possibilities: n € {1,p,p?}. If n = 1, then Dy is connected. If n = p?, then as Da
is a curve of degree p?, we see that each irreducible component is a genus one curve of
degree one in PP°~!. This is absurd since it would imply the existence of a very ample
divisor of degree one on a curve of genus one.

The case remaining to be ruled out is that DA splits as a union of p genus one
curves of degree p. If this is the case, then each D; is a Galois covering of C' with Galois
group isomorphic to a cyclic subgroup of E[p]. It is not difficult to see that in fact all
p of these coverings have the same automorphism group and, consequently, that this
subgroup is defined over K (as a whole, not necessarily point-wise). In general, E[p]
need not contain any K-rational cyclic subgroup, so ‘generically’ this case does not
occur. Nevertheless, it seems difficult to turn this into a proof (without resorting to
something along the lines of 7.6).



CHAPTER III

Computing the p-Selmer Set

We shift our focus now to the arithmetic situation. We specialize to the case that
K = k is a number field. We assume that C' is an everywhere locally solvable genus one
normal curve of degree p defined over k, with a fixed model as described in the begin-
ning of the previous chapter. Recall that local solvability implies that Pic(C') = Pic,(C')
and that Cov”(C/k) # (). Thus all of the material of the previous section applies to
C' (see the discussion at the beginning of Chapter II).

An element in an étale k-algebra A ~ [, K; will be called integral if its image in
ecach K; is integral. We assume that the linear form ¢ defining the descent map and
all polynomials appearing in the model for C' have integral coefficients. We further
assume that the constants ¢ € k* and 8 € Hy given by I1.5.5 are integral. All of
this can be achieved by scaling. We denote the completion of k at a prime v by k,.
We attach a subscript v to any object defined over k to denote the corresponding ob-

ject over k, obtained by extension of scalars. For example H, = H ® k,, H, = Hj,,
Pic,(C) = Picy, (C'), and so on.

1. The algebraic Selmer set

The descent map allows us to identify Sel®(C/k) with its image in H* /k*OF*.
We now determine the image. This gives an algebraic presentation of the p-Selmer set,
which can be computed fairly directly.

Consider the following diagram:

Pic,(C) ° H* [k*OF
l \Lnresv
1, Pic,(C) — 22 - TT, HX /KX OF)

If (D,m) € Sel®(C'/k) is an everywhere locally solvable p-covering of C', then its image,

O((D,m)) € H*/k*OF*, has the property that it maps under [], res, into the subset
, ®,(Pic,(C)) C I, Ho. This suggests the following definition.

DEFINITION 1.1. The algebraic p-Selmer set of C' associated to ® is the set
Sel® (C/k) = {A € H* Jk*OF* : res,(A) € ®,(Pic)(C)) for allv } .

alg

THEOREM 1.2. The descent map gives a one to one correspondence between the
p-Selmer set of C' and the algebraic p-Selmer set of C.

PROOF: The defining property of the descent map shows that the image of Sel® (C'/k)

is equal to Selgl’;(C/k) N Hy. We know that the descent map is injective by 11.4.2, so

85
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it suffices to show that Sell(fl);(C/ k) C Hy. This follows from I1.5.2; any element of
H*/K*0F* which restricts into H, (for some v) is an element of Hy. 0

One can formulate the same definition for divisor classes of degree 0.
DEFINITION 1.3. The algebraic p-Selmer group of £ = Jac(C) is
Sel® (E/k) = {A € H* [K*OF* : tes,(A) € ®,(Pic%(C)) for allv }.

alg
Note that by 11.5.2, Sel((fl’;(E /k) C HY. Since Hj, is a principal homogeneous space

for HY, the same is true of the corresponding Selmer objects.

LEMMA 1.4. If the algebraic p-Selmer set of C' is nonempty, then it is a coset of
the algebraic p-Selmer group of E inside H* [k*OF*.

PRrOOF: By assumption C' is everywhere locally solvable. So everywhere locally, the
group of k,-rational divisor classes of degree 1 on C is a coset of the group of k,-
rational divisor classes of degree 0. Since ®,, is a homomorphism, the same is true of
their images in H,*/kSOF . If the algebraic p-Selmer set of C' is nonempty, then these
cosets can be simultaneously defined by some global element of Hy. O

In section II.1 we defined the fake Selmer set. If it is empty, then so is the p-Selmer
set. Using the previous lemma, one can do slightly better. The group Ky was defined
in section IL.6.

COROLLARY L5. If #Sel), (C/k) < E3UREMN ypen se1®(C/k) = 0.

PROOF: The projection H* =5 F* x H induces maps

S el(p)

alg

(C/k) === Sel®) (C/k)

|

Hy

pry

F* KX F>?

where the kernel of the lower map is K. This gives a bound on the size of the fibers
of the upper map. On the other hand, the lemma shows that # Selfﬁg(C’ /k) is equal to

0 or # Sel® (E/k). O

Although it is not reflected in the notation, Selg;(C /k) depends on our choice of
linear form ¢ used to define the descent map and the algebraic p-Selmer group of E

depends on C. The next proposition shows, however, that the image of Selfﬁ;(E /k) in
H'(k, E[p]) does not.

PROPOSITION 1.6. The inclusion HY ~ C+ «— H'(k, E[p]) identifies the algebraic
p-Selmer group of E with the p-Selmer group of E.

Proor: We identify H{ with its image in H'(k, E[p]) and E with Pic}(C). To show
that the algebraic Selmer group is contained in the Selmer group we use lemma 11.4.5.
This says that the images of (I>v|picg(c) and the connecting homomorphism 9, from
the Kummer sequence of E/k, are the same. So clearly the algebraic Selmer group is
contained in the Selmer group.
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For the reverse inclusion it suffices to show that Sel®(E/k) ¢ HY ~ C*. So we
need to show that elements of the Selmer group are orthogonal to C' with respect to the
Weil pairing induced cup product of level p. Using that the cup product is the bilinear
form associated to the obstruction map we have

C'U, €' = Ob,(C + ") — Ob,(C) — Ob,(C),

for any ¢’ € H'(k, E[p]). If ¢’ is everywhere locally solvable then so is C' + C’ (be-
cause the Selmer group is a group). Having points everywhere locally implies trivial
obstruction, so all the terms on the right-hand side vanish as required. a

Computable description. In order to compute the algebraic Selmer set explicitly,
we need a method for determining these local images. For a given v, this is relatively
straight-forward (see section 2). But there are infinitely many primes to deal with. As
is the case for p-descent on elliptic curves, algebraic number theory gives us a means
for handling all but finitely many ‘bad primes’ simultaneously.

For a completion k, of k£ at a non-archimedean prime, we use k)™ to denote the
maximal unramified extension of k,. If £ is an element of some object defined over
k, we say that & is unramified at v if ¢ becomes trivial upon extension of scalars to
k. For Galois cohomology groups H'(k, —), this coincides with the usual definition
that ¢ be in the kernel of the restriction map to H'(k"™™, —). For example, a class in
F* /X F*P represented by ¢ is unramified at v if § € k™ (F®k™)*P or, equivalently if
its image under the map F* /k* F*P — H'(k, p,(F)/p,) — H' (k" 1, (F,) /1) is zero.

The first step is to identify a suitable finite set of ‘bad primes’. To that end, let F”
denote the field extension of k obtained by adjoining the coordinates of all flex points
of C'. We refer to F’ as the splitting field of X. In case F is a field (i.e. the action of
G on X is transitive), F’ is the normal closure of F. In general', we can write F as
a quotient of the polynomial ring k[7] by some polynomial f(7) for which F” is the
splitting field. ) o

Write the linear form used to define the descent map as ¢ = (¢1,¢3) under the
splitting H ~ F x H,. Here (1 defines a hyperplane section meeting C' at a generic
flex point with multiplicity p. Over F”, all flex points are defined, and so /; splits as
a p’-tuple, (£,)zex of linear forms with coefficients in F’ each defining the hyperplane
meeting C only at the flex z € X. 3

At any non-archimedean prime w of F’, we can reduce the £, mod w. Since this lin-
ear form may vanish mod w, it may fail to define a hyperplane section of the reduction
of ' modw. In some sense this is a situation we would like to avoid. We will refer to a
prime v of k as a prime of bad reduction (resp. good reduction) for ¢ if there is some
(resp. no) prime w|v of F’ for which this occurs.

REMARK: Even when working over Q it may not be possible to choose { in such a way
that it has good reduction everywhere, since F' can have nontrivial class group. In any
event, such bad primes can be detected quite easily.

li.e. over any infinite field. This is not true of every étale algebra over a finite field.
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Recall the constant ¢ € K* from lemma I1.5.5 defined, up to p-th powers, by the
property that Ng/,(d) = ¢ mod k*? for any (d,¢) € Hj. We may scale to ensure that c
is integral.

LEMMA 1.7. Let v be a non-archimedean prime of k which is of good reduction for
both C and ¢ and which is prime to both p and c. Then ®,(Picl(C)) C HX/k}OFX is
contained in the unramified subgroup.

PROOF: Let F’ be the splitting field of X. By the criterion of Neron-Ogg-Shafarevich,

the primes which ramify in the extension F’/k are either primes of bad reduction for

C or lie above p. In particular, if v is as in the lemma, then it does not ramify in F”.
Now we claim that if v does not ramify in F”, then for all (0,e) € H, we have

(0,€) € H, is unramified < 0 € F)/K,F P is unramified.
This follows from the fact that for these ‘good primes’ the map
Hkgnr N Fuan/Kuan Ful’erp

induced by projection onto the first factor of H ~ F x Hy is injective. To see the
injectivity recall that the fibers of this map (see the diagrams in I1.6) are parameterized
by

o Ho(kgnr>(82<ﬂpp)))
oo, (HO (k;;nr, %f“)) '

As v does not ramify in F”, all flex points are defined over k™, so the action on the
modules appearing here is trivial. Since p,, C ker 0,, we have 0y (j1,(F)) = 9a(p1,(F)/ 11p)-
So the quotient is trivial.

To prove the lemma, it now suffices to show that the image of the composition

(I)fake,v : PlCllj(C) &) Hv ﬂ) va/k:;f vap

is unramified. For this it will be enough to show that this is true of any point P € C'(k,)
which is neither a zero nor a pole of ¢;. For this we can choose primitive integral
coordinates for P (i.e. homogeneous coordinates with valuations that are non-negative
but not all positive) and consider /1 (P) € (F & k,)*. The flex algebra F @ k, splits as
a product of extensions of k,. Since v { p, in order that the image of P be unramified
it is sufficient that the valuation of ¢;(P) in each of these factors is a multiple of p.

Fix some factor K,. For any prime to of F’ extending v, we get an unramified
tower of fields k, C K, C F},. Let vy be the normalized valuation on F},. Over F’ {,
splits as (ll)xe x and, since the extensions are all unramified, it suffices to show that
Vn(ly(P)) = 0 mod p for each z € X.

For this we make use of the norm condition. Since v t ¢, its valuation satisfies the
congruence Vy(c¢) = 0 mod p. Hence,

Z Vo (g (P)) = Uy (H l@(P)) = Vp(c) =0 mod p.

Each summand appearing on the left is nonnegative. To complete the proof it suffices
to show that at most one can be positive. .

Since v is of good reduction for £, the reduction of each ¢, defines a hyperplane
meeting C' only at the image # of = on C. So v (f,(P)) > 0 if and only if P and z have
the same image under the reduction map. On the other hand, the images of the flex
points modulo to are all distinct since v is of good reduction for C' and is prime to p
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(the images of these flex points are the flex points of the reduced curve). So v (¢, (P))
can be positive for at most one x € X. This completes the proof. O

PROPOSITION 1.8. Let S be the set of primes of k containing all non-archimedean
primes diwiding p or ¢, all primes of bad reduction for C or { and all archimedean
primes if p = 2. Let Hg denote the subgroup of Hj consisting of elements that are
unramified outside S. Then

Sel(p)

alg

(C/k) = {A € Hg : res,(A) € &,(Pic.(C)), forallve S }.

PROOF: Let Z denote the set in the statement. The previous lemma shows that Z

contains Selffl’;

is nonempty. Let A € Z and v ¢ S. To show that A € Selglj;(C' /k) we must show that
res,(A) € ®,(Picl(C)). Choose any P € Pic(C). Then both ®,(P) and res,(A) are
unramified, so ®,(P) - res,(A)~! is in the unramified subgroup of HY.

Since v is a prime of good reduction for C, it is also a prime of good reduction
for its Jacobian. By 1.4.7, the image of the connecting homomorphism 6, : E(k,) —
H'(k,, E[p]) is equal to the unramified subgroup. On the other hand, I1.4.5 says that
®, : Pic?(C) — H® c H'(k,, E[p]) coincides with connecting homomorphism. It follows
that ®,(Pic?(C)) is equal to the unramified subgroup of HY. Hence there exists some
Q € Pic)(C) such that ®,(Q) = ®,(P)res,(A)"!. Since @, is a homomorphism we
have res,(A) = ®,(P — @), which completes the proof since P — @ € Pic’(C). O

(C/E). To show that the reverse inclusion holds, we may assume that Z

REMARK: Let S be as in the proposition and let S; be the set of primes dividing p
together with the primes where the Tamagawa number of the Jacobian is divisible by p.
Arguing as in the proof we see that, for primes v in S\ 51, the local image ®(Pic.(C))
is a coset of the unramified subgroup of H2. This observation can be used to improve
the efficiency of the algorithm presented in section 3.

2. The local image

In order to use the description above to compute the algebraic Selmer set we need
to be able to compute the image of the map

C(k,) = Pic\(C) 2% H,

for a prime v € S. Our primary interest is when p is an odd prime, the situation for
p = 2 having received adequate attention elsewhere. For this reason we will ignore
the archimedean primes. Even for odd p, the methods here should be familiar from
p-descent on elliptic curves (or other objects). Perhaps the only substantial difference
is that we work with H, rather than its image in F,*/k)FP.

If (D, 71) € Cov?(C/k,) is a p-covering of C' defined over k, with D(k,) # (), then
the image in C'(k,) of the set of k,-rational points on D is an orbit under the action of
pPic?(C) = pE(k,). On the other hand, ®, has the property that it takes a constant
value on w(D(k,)). Thus, @, factors as

®, : PicL(C) — Picl(C)/pPic2(C) — H,.
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The second map is injective because the descent map is injective. Recall also that H?
sits in an exact sequence of F,-vector spaces

(9l (F) 0o B

G - Hv Xp ?
02 ((1p(F) /1) ") by Fu

that H, is a coset and that the space on the left is finite.

All of this is actually valid over any perfect field of characteristic not equal to p.
Over k, the sets Pic, (C)/pPic?(C) and H,, are finite as well. As in the case of p-descent
on elliptic curves, we can a priori determine the size of the former, and hence the size
of the local image.

LEMMA 2.1. For a non-archimedean prime v of k, #% = pt-#E(k,)[p], where

d is either [k, : Q] or 0, correspondingly as v does or does not lie over p.

PRrRoOF: Since C'(k,) # 0, PIC ) is a coset of = Picy 0((00), the size of which was given by

lemma 1.4.5. O

To compute the local image it will thus suffice to find the images of sufficiently many
independent points. It will actually be easier to determine independence by considering
the images in ‘H,. This is valid since the descent map is injective. Moreover, since the
descent map is affine it suffices to find a set of images in H, which span a(n affine) space
of the appropriate dimension. In practice we simply compute the images of random
points until their images generate a large enough space. Using the fact that C'(k,) is
locally compact, one could also develop a deterministic algorithm for doing this (see for
example, [St1] where the analogous situation is considered for 2-descent on Jacobians
of hyperelliptic curves).

When working with objects defined over k, (e.g. a point P € C(k,), an element
of H,, etc.) in practice, we of course mean that we work up to some finite precision.
To find a random point, we first choose a random solution to the defining equations of
C' modulo (some small power of) v. We then attempt to (randomly) lift to a solution
modulo some higher power of v, applying Hensel’s lemma along the way to guarantee
that we are on the right track. This works quite well in practice. One can very quickly
compute points up to very high precision.

Thus we can reduce the problem of computing the local image to the problem of
deciding whether two points P, @ € C(k,) (represented up to arbitrary precision) have
the same image in H,. Evaluating ¢ on a tuple of v-integral elements in k representing
homogeneous coordinates for a point P € C'(k,) up to some precision yields an element
of H* which is v-adically close to some element of 7:(1; representing ®,(P) € H,. That
this is sufficient for our purposes follows from Hensel’s lemma. The prototypical result
in this direction is the following lemma.

LEMMA 2.2. Suppose that q and r are rational primes and that v|q with ramification
index e. If v | r, then let n be the greatest integer < e/(q — 1) + e + 1. Otherwise let
n = 1. Then a v-adic unit o« € k) is an r-th power if and only if it is a r-th power
modulo v™.

PRrROOF: This is [DSS, Lemma 13]. Note that this follows directly from Hensel’s lemma
when v { 7. When v | 7, Hensel’s lemma would lead to a bound n = 2e + 1. a
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COROLLARY 2.3. F}/F)? is a finite-dimensional Fy-vector space. The restriction
map F* — FX/FXP is surjective and any two elements of F* which are sufficiently
v-adically close to one another will have the same image.

PROOF: This is an obvious consequence once one notes that F, splits as a product of
completions of extensions of k£ at primes above v. Surjectivity then follows from the
Chinese remainder theorem. a

The image of k) in F/F)? is a subspace (whose dimension can be computed
using the lemma). In practice, we ‘represent’ F,* /kX F}P as an F,-vector space W; and
a homomorphism v, : F* — W giving the restriction map. In other words, the kernel
of 1 is the group of elements in F'* which are of the form ad? for some a € kS, d € F,\.
It remains to deal with the second component of H,.

The kernel of the projection of H)/kSOF, onto F)/kSF P is the finite F)-vector
space

(@) (o)
9o ((p(F) /1)) 0 ((p(F) /11) ")

To deal with this, we write down a map v, : Hy — W5 to an F,-vector space W, that
is isomorphic to pi,(Ha,)/02((pty(EF)/1p)%), with the following property. If n € H,
is sufficiently v-adically close to a p-th root of unity 7 € p,(Hs,), then ¢9(n) is the
corresponding element of Wj.

Together the maps v, and 1y allow us to test whether an element (d,e) € 7:[8,
represented up to sufficiently high precision by an element of H*, is trivial modulo
kXOF). First we check if ¢;(d) = 0 € W;. If not, then (6,¢) is nontrivial. If yes, then
there exist a € k), d € F) (which we can compute up to sufficiently high precision)
such that 0 = ad?. Then

e” = 05(6) = Bylad?) = aPdy(d)" .

It follows that 1 := a0y(d) /e is a p-th root of unity. Then (4, ) is trivial modulo k) OF*
if and only if ¥9(n) = 0 € Ws.

To determine whether or not P, @ € C(k,) have the same image under ®,, we check
if /(P)/0(Q) is trivial modulo kX9F. Since £(P)/#(Q) € HY, this can be done using 1,
and 1, as above. In practice, we store the image ¢ (Py) € H* of a single point, together
with 11, 1o and subspaces of Wy, W5 from which we can recover the local image. This
allows us to manipulate the local image using linear algebra. At any step in the process
it is a simple matter to determine the space spanned by the images found up to that
point. In particular, having computed the local image we can easily check whether a
given element of H* restricts into ®,(Pic,(C)).

3. Algorithms

The theory above gives rise to the following algorithm for computing a set of rep-
resentatives for the algebraic p-Selmer set of C'. The output is a collection of elements
in H*. Using the methods of section II.7, these can then be turned quite easily into
explicit models as genus one normal curves of degree p?. Thus we have an algorithm for
performing explicit second p-descents. For p = 3 and k£ = Q, this has been implemented
by the author in MAGMA and appears to perform quite well.
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For larger p this is currently impractical for two reasons. The first of these is the,
largely unavoidable, computation of S-class and -unit group information in F'. Generi-
cally, the running time here is (at least) exponential in p* (see the discussion in section
[.2). With the current state of the art, this becomes somewhat prohibitive already for
p = 5. There is hope, however, that this will become feasible for larger p in the near
future as computing power and algorithms in algebraic number theory improve.

The second arises from the fact that the algebra Hs is simply too large. Generically
it is a number field of degree p?(p* — 1)/2 over k. The algorithm does not, however,
require class and unit group information in Hy. The most expensive operations required
are the extraction of p-th roots. Even so, this quickly becomes impractical.

Compute Selffl’;((}'/k) .

(1) Compute the algebras F' and Hy, the map 0y : F' — Hs, the linear form ?, the
constants ¢ € k™, § € H,', and the set S of bad primes.

(2) Let V3 C F* be a (finite) set of representatives for the unramified outside S
subgroup of F*/k* F*P.

(3) Let Vo ={0 € Vi : Np(6) = ¢ mod Q*P} .
(4) For each v € S, determine the local image ®(Pic,(C)) C H,.
(5) Let Vs = {0 € Vy : Vv € S, res,(8) € pry(®(Picl(C))) }.

(6) Let Vj be the set of (0,¢) € F* x Hy such that § € V3 and ¢ € HS is a p-th
root of 0»(6) /3, modulo the equivalence

(6,¢) ~ (6,€') & e/’ € Dal(pp(F)/11)"") -

(7) Let Vs = {(6,¢) € V4 : Yv € S, res,(6,¢) € ®(Picl(C)) }.

(8) return V.

REMARK: The reason for including steps (3) and (5) is to reduce the size of V; as much
as possible before proceeding to step (6) where one has to extract p-th roots. Note

that V5 contains (but is not necessarily equal to) Selgfgke(C' /k). Using 1.5 we see that if
HV; - #K, < #Sel® (E/k) for some i € {1,2,3}, then Sel” (C/k) = (). In the typical
applications #K; = 1 and # Sel® )(E /k) > p?. In this way one can often confirm that
Sel®(C'/k) = @ without running the full algorithm (cf. examples 2 and 3 in section 4).

Let us prove that the algorithm returns a set of representatives for the algebraic
Selmer set. The equivalence in step (6) is included to ensure that the (§,¢) € Vi repre-
sent distinct classes modulo £*0F . In the proof of 1.7 we have seen that, for primes
not in S, a class in H*/k*OF* is unramified if and only if its image in F*/k* F*P
is unramified. Moreover the elements of Vi are in H;, by lemma I1.5.2, since they re-
strict to H, for some v € S # 0. It follows that Vi is a set of representatives for
{A € Hg : res,(A) € Pict(C),Vv € S}, which is equal to Sel(p)(C/k) by Proposition

alg
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1.8.

REMARK: As remarked at the end of section 1 it may be possible to get away with
a smaller set of bad primes. Prior to step (2) one can perform the following check.
For each v € S that does not lie above p and for which the Tamagawa number of the
Jacobian is not divisible by p, take any point on C(k,) and compute its image under
®,. Check if the image is unramified. If yes, then as the earlier remark indicated, the
local image at v is equal to the unramified subgroup. So v can be removed from the
set of bad primes.

Let us describe each step in more detail.

Step 1. 1t is clear what needs to be done in principle. We give the details for
p = 3 assuming that the action of Gy on X is generic (by which we mean that the
representation G — AGL(X) giving the action is surjective). There are finitely many
other cases (for p = 3) which can all be handled similarly.

We store the algebras as quotients of the polynomial ring k[7], so to compute them
means to find a defining polynomial. Under the assumption that X is generic, ' and H,
are number fields of degrees 9 and 12 over k, respectively. We find a defining polynomial
f(r) for F by looking for the common zeros of U and hy, where U is the cubic form
defining C" and hy is the determinant of the Hessian matrix of U. This also gives a
generic flex point x with coordinates in F'. We choose a linear form ¢; € Fluy, ug, us)
defining the tangent line to C' at x and scale appropriately to make its coefficients
integral (and reduce the number of common divisors if possible).

To compute Hs, we adjoin a second root of f(7) to F. This gives a field M; of
degree 72 over k which contains the coordinates of a second flex z’. We then write
down a linear form ¢y with coefficients in M; defining the line through z and z’. We
choose some affine patch of P? containing both x and 2’ in which the slope m € M; of
05 is well-defined. Since the action on X is generic, the twelve conjugates of this line
all have distinct slopes. It follows that Hy can be defined by the minimal polynomial
of m over k.

For whatever reason, it tends to be much faster (in MAGMA) to first compute the
minimal polynomial of m over F'. This defines an extension M of F' of relative degree
4. Tt is the étale algebra corresponding to the Gy-set of the 36 pairs® (z,y) € X x Y,
consisting of a flex point z lying on a line y. We then compute the minimal polynomial
of m € M over k, which gives a polynomial defining Hy. Adjoining a root of f(7) to
H, gives M as an extension of Hy. We may now coerce the coefficients of 572 into Hs.

The computation of these minimal polynomials is somewhat expensive, but it has
the advantage that we obtain 0, along the way. It is the composition F' — M — Hs,
where the second map is the norm of M/H,. The constant 3 € H) is given by the
image of 8,(¢1)/£3 in the coordinate ring H,[C] (i.e. modulo the ideal in Ho[uy, us, us)
generated by U = U(uy,us,us3)). Similarly, the constant ¢ can be computed as the

image of Np/;(£)/hi; modulo the ideal in k[ui, us, us] generated by U.

2Note that this algebra also plays a role in obtaining defining equations for the corresponding
p-covering. See section II.7
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The set of bad primes is the set of primes dividing ¢, the discriminant® of U, or the
discriminant of F', together with the primes above which there is a prime of F' which
divides all coefficients of ¢;.

Step 2. This step is the main bottle-neck in the computation. Let Fg denote the
unramified outside S subgroup of F*/k* F*P. It fits into an exact sequence

Cl(Ok.s) . Cl(Ors)

pCl(Ok,s) pCl(OF,S) .

For a derivation of this sequence and a description of how to compute Fg see [PS,
12.8]. To compute it in practice we use the function pSelmerGroup() in MAGMA. Us-

ing this we compute a finite-dimensional [F,-vector space V) >~ Fg together with a set
of representatives in <.

k(S,p) — F(S,p) — Fs —

Step 3. Since we have already computed k(S,p), this can be accomplished very
quickly using linear algebra over F,,.

Step 4. Computing the Local Images. This was described in the previous section.

Step 5. The restriction map Fg — F*/kSF)? is linear and given explicitly by ;
defined in the previous section), so this can be accomplished using linear algebra of IF,,.
p

Step 6. Extracting the p-th roots is straightforward (if a bit costly - it is here that
the degree of Hy becomes a problem). By ‘modulo the equivalence...” we mean that
we keep one (d,¢) in each equivalence class. To determine equivalence, one needs to
determine (u,(F)/u,)% and its image under d;. When p = 3, we are fortunate in
that Os(pp(F)) = 02((pp(F)/1p)°*) for all but one of the 46 possible Galois types*
(i.e. conjugacy classes of subgroups of AGL3(F3)). So usually one need only determine
pp(F) and its image under 0, which is easy. In the one exceptional case, the map
Hj — F*/k*F*P is injective. So after all is said and done one can simply identify all
pairs of the form (6, ¢) and (§,¢’). It is also worth mentioning that this exceptional case
does not occur unless k contains the cube roots of unity. In particular it can be ignored
when working over Q.

Step 7. This is accomplished as in step (5) and as described in the previous section.

4. Examples

Full second 3-descent. We consider the elliptic curve
E :y? = 2% + 38442 — 238328

labelled 61504bql in Cremona’s database. The torsion subgroup of E(Q) is trivial, one
quickly finds the point (93,961) € E(Q) of infinite order so the rank is at least 1. A
2-descent shows that the rank is at most 1. This is in accordance with the analytic
information coming from the L-series. The conjecture of BSD predicts that the order
of II(E/Q) is 9. The action of Gg on E[3] is given by the full general linear group

3This is the discriminant of the model as a genus one normal curve. It is somewhat unclear how
one would go about computing this for an arbitrary prime p.
4This is also useful when writing down the map 5 used to determine the local images.
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GLy(F3). In particular, descent by 3-isogeny is not possible. A full 3-descent on E
produces a list of 13 = &2_1 plane cubics each representing an inverse pair of non-

trivial elements in Sel® (E/Q) ~ Z/37 x Z./3Z x 7./3Z,

Cp:0= uil)’ + 2u§ + 2u§ + ?)'U/%UQ - 8u%u3 + 2u1u§ + 2ujugus + 23u1u§ + 27u2u§ )
Cy:0= uil)’ + 2u§ + 10u3 + 11u2uy — 6uius + 4ugul — Sujugus — 10uul — 2uduz + 4u2u§ ,
C3: 0= ul + 2ud + 30u3 + 4utuy — Suduz + duugus + 2uiul — 2uduz + 12u0u3
Cy: 0= u3 + 2uj + 59uj + 2uiug + uuz — 3ugu3 + Suju + Suius — dugu3
C5:0= u“;’ + 3u§ + 19u§ — Su%w + 2u%u3 + 7u1u% + duqusug — 5u1u§ — 7u2u§ ,
Ce:0= u:{’ + 6ug + 14u§ + u%uz + Su%u;; — 6u1u§ + dujusug — 8u1u§ + 2ugu3 ,
Cr;:0= u:{’ + 7ug + 7u§ — 3u%uz + 7u%U3 + 4u1u§ + 4duqugug — 6u1u§ + 7U§U3 + 3u2u§ ,
Cg:0= QU? + Ou% + 9u§ + 8u%u2 + 4’LL%’U,3 + 8u1u§ — 4ujuoug — 2u1u§ + 7u§U3 + 2u2u§ ,
Coy:0= QU? + QU% + 9u§ + QU%’Mg + 1Ou1u§ — 4ujuoug — ulug — 2u§u;3 + 8u2u§ ,
Cip:0= 2uif + 2u% + 13u§ + 2’&%’&3 + 2u1u§ + Sujusus + 19u1u§ — 8u§U3 + 6U2U§ ,
Ci1:0 = 2u3 + 4us + 6u§ — dudug + 14uuz — ujul — 8u1u§ — 3udus + 2uQu§ ,
Cla: 0= 2u3 + 4ul + 6u§ + 6ulug 4+ 12utus — Quiul + 2u1u§ + 5ulug + 4uzu§ )

Cis: 0 = 3ud + 3us + 13u3 — 4uduy + 2udus + Suiud + 2uusus — Tugus — 3uduz + 3ugu3 .

Since we know the rank, the 3-descent implies that III(E/Q)[3| ~ Z/3Z x Z/3Z.
Moreover, exactly one of these cubics has a Q-rational point. It is not hard to spot the
point (0 : 1 : 0) on the curve Cy (the coefficient 0 is not a typographical error). The other
12 curves are counter-examples to the Hasse principle (each class in ( ILI(E/Q)[3] \
{0} )/{£1} is represented by exactly 3 of these). We can verify this with a second
3-descent. This will also show that the 3-primary part of III(£/Q) is isomorphic to

Z./37.x 7./3Z as predicted by BSD. Note that it is enough to show that Sel®® (C;/Q) = 0
for a single i (see lemma 1.5.7).

The curve C' := (g has the flex algebra of smallest discriminant, so we start there.
A defining polynomial for F' is

f) =17 —15t° + 12¢7 — 14415 — 12> — 72¢* + 390t* — 6¢* — 570t + 354,

and the discriminant is 2'6 - 32296 . 311 (the prime 29 does not actually ramify in F).
The flex points are given by

(1/1798(—127% + 17977 — 11975 4+ 157575 + 3017* — 85473 — 617472 — 34787 4+ 6412) : 7 : 1),

where 7 is a root of f(t). The tangent line to C' at this flex is defined by the linear
form

1 = (55657% — 7707877 — 2414875 — 79906275 — 9431447*
— 11689727° + 142628272 + 19381047 — 1717796)uy
+ (507® — 76677 + 7827° — 66147°
+ 22327 4 640477 + 2640272 + 291527 — 39538 ) us
+ (83517% — 12376177 + 7296775 — 11219417° — 2751257*
+ 2376907° + 43956867> + 23014907 — 5326066) us ,
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which is integral and has good reduction® outside {2,29,31}. The constant ¢ € Q*
is determined by taking the ratio of Ngjg(f1) and the cube of the Hessian of C' and
considering its image modulo the ideal generated by the cubic defining C'. We find
that ¢ is congruent to 22 - 31 modulo cubes. So the set of ‘bad primes’ is the set
S = {2,3,29,31}.

Using Fs to denote the unramified outside S part of F*/Q* F*3 it follows that the
image of the 3-Selmer set of C' under the fake descent map is contained in the affine
space

Ves ={0 € Fs : Npjg(d) =124 mod Q**}
(this is the set labelled V3 in step (3) of the algorithm in section 3). Since the action
of Gg on the flex points is generic, we know that the projection Hg — F*/Q*F*? is
injective. So, in fact, Hg is mapped injectively to the set

Vis = {0 € Fs : 05(6) = B mod Hf*} C V5.

Computing V. s using MAGMA’s pSelmerGroup() function takes about a minute. We
find that it is an affine space of dimension 6 over [F3.

One now has options for moving forward. The algorithm outlined in the previous
section would proceed to compute local images at the primes of S. The alternative
would be to compute the set Vj g. This would require either computing H(S,3) and
doing some linear algebra or checking whether or not lots of elements in Hy are cubes.
The latter is feasible and leads to the conclusion® that Hg = 0. This means that there
are no 3-coverings of C' (with trivial obstruction) which are locally solvable everywhere
outside S. In particular, the 3-Selmer set is empty.

On the other hand, computing the local images is much faster since one can avoid
working too much with H,. By considering the decomposition of the primes in the
3-division field of F and using lemma 2.1 we determine that

[ 1, forwve{231},
poc@n-{ 5 e

The defining polynomial of F' has a linear factor over QQy, so there is a (Qo-rational
flex point on C. Using lemma I1.6.2 we conclude that the fake descent map is injective
over Qy. We compute that F,°/Q3 Fy® is a 1-dimensional Fs-vector space and that
the restriction map resy : Vg — Fy°/Q5 Fy* is constant. We easily find a Q,-point
on C' whose image under @ ¢4 is the same, so the prime 2 gives us no information.
Geometrically, this says that any’ 3-covering of C' which is locally solvable everywhere
outside S is also locally solvable at 2. Since there is a Qs;-rational flex, the local
information at 31 can be collected similarly. In this case however, the subspace of Vg
restricting into the image of C'(Q31) has codimension 2.

For v € {3,29}, the local images have size 3 and the projection pr; in the following
commutative diagram is no longer injective.

C(Qv)
q)v
HU — F’UX /Q;; FvX3

By scaling it should actually be possible to obtain a linear form with good reduction at 29 as
well.

60ne can show, however, that Ho # 0.

"Since we know ‘Hs = () this condition is vacuous.
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For v = 29, the kernel of the projection has dimension 1 and the image of C'(Qy9) in
Hag consists of a full fiber over a point in Fyy/QuyFy’. On the other hand, the image
of C(Q3) in Hs is spread across three fibers (i.e. the image in the lower-right space is of
size 3). In principle, one might have to now consider the fibers above elements of V. ¢
under the projection pry : Ho — F*/Q*F* (this would mean computing Hg, which
would involve taking cube roots) and check their images in Hs. In this case however,
the images of the Q,-points in F*/QX F.*® impose enough local conditions to show that

Sell?) (C/Q) C{d € Vs - YV E S, 1084(6) € P panen(C(Q)} =0,
which shows that Sel®(C/Q) is also empty.

In this example, the algorithm of section 3 terminates after step 5 without ever
having to extract cube roots. This somewhat fortuitous situation seems to occur quite
often (at least when the Selmer set in question is actually empty), but even when it
does one may still need to make use of Hy. We needed it to compute the local image at
29. By way of a different example, we consider the curve C;. Here we find (somewhat
surprisingly) that the constant ¢ € Q* (coming from the condition on Npg(f;)) is
actually a cube®. The action on X is again generic, so the fake descent map is globally
injective. This means we have bijections (cf. 11.5.6)

Covi?(C/Q) ~ {6 € F*JQ*F*® : 0,(6)/8 € HF*}, and
Cil~ {6 € F*/QXF*3 : 0,(0) € HY?}

We can compute Hy and 3, and check that 3 ¢ H;* (so the sets above are distinct).
However, since ¢ € Q*3 both sets are contained in

{6 € F*JQ*F*® 1 Npjg(0) € Q*5}.

This shows that the algebra H, is needed to describe the image even when the fake
descent map is injective.

Producing elements of order 9 in III. Consider the curve
E:y? + oy = 2° — 14794740 — 692765778

labelled 5514a3 in Cremona’s database. His tables indicate that the analytic rank of
E is 0 and that the analytic order of the Shafarevich-Tate group is 81. The torsion
subgroup is trivial and a 2-descent confirms that E(Q) = {Og}. A 3-descent produces
the 4 plane cubic curves

Cy = 2 4 6y +9192° = 53xyz

Cy : 22° + 3y 4+ 91923 = 53zyz,
Cs = 2% 4 3y + 18382° = 53zyz2,
Cy: 2 4 2y° + 27572° = 53zyz .

These evidently correspond to the four ways of choosing an unordered triple {a,b,c}
of distinct? positive integers such that abc = 2 - 3 - 919. Each C; represents an inverse

8The analogous situation occurs for p = 2 if and only if the double cover of P! has a pair of
rational points above oo. However, the curve C'y has no rational points.

9The unique unordered triple of nondistinct positive integers with this property corresponds to
the curve C' : 2% + y3 + 551423 = 55xyz which represents the trivial element in Se1(3)(E/(@). It has
the obvious (and unique) Q-point (1: —1:0).
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pair of nontrivial elements in Sel® (E/Q), so
Sel®(E/Q) ~ 1I(E/Q)[3] ~ Z/3Z x Z/37

and each C; is a counter-example to the Hasse principle.

Since the analytic order of III(E/Q) is 81, we expect that # Sel®(C;/Q) = 9
for © = 1,...,4. This is confirmed by performing a second 3-descent. Note that us-
ing lemma [.5.7 it suffices to do the computation for a single i. Each of the 9 ele-
ments computed in Selﬁjg (Q, C;) correspond to a pair of inverse elements of order 9 in

Sel”(E/Q) ~ 1(E/Q)[9] ~ Z/9Z x Z./9Z. Using the methods of section I1.7 we can
explicitly compute models for these coverings as genus one normal curves of degree
9 in P® defined by the vanishing of 27 quadrics. To our knowledge this is the largest
prime power!'® to date for which such examples have been produced. An example of
an everywhere locally solvable 3-covering of C is given on the opposite page. Our
algorithm orignally produced models with absurdly large coefficients. With the help
of Tom Fisher and Michael Stoll we have managed to get the coefficients down to a
reasonable size. While there is little room for improvement in this particular example,
it would be nice to develop better techniques of minimization and reduction for these
models (cf. section 5).

10presumably Fisher can produce examples of order 12 by combining examples of orders 3 and 4.
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Defining equations for a curve in P8 representing an element of Sel®(C;/Q)

= zoz5 — 2526 + 325 + z729 + 223 ,

0 = z122 + 2226 + 2227 + zaz9 + 2527 + 22528 ,

0= —z127 + 2228 + za25 + 22 + 22627 + 2628 — 22,

0= Z% + zoze — 22427 — 2428 — 22527 + 22528 — 2529 ,
= —2127 — 2927 + 2228 — z% — 22627 — 2628 — 2629 — z? s
= z128 + 32227 — 2228 + 2325 + 2425 + z§ + 2527 + 2728,

2
= —2126 + 2226 + 2327 + 22427 — 2428 — 22528 — 2627 + 27,

0= —z225 + 2326 + 2526 + 2627 + 22 + 22728 + 22729 — 2329,

0= —z125 + 2326 + 2526 — 2527 + 2627 — 222 — 2728 + 22729 + 222,
0= —2124 — 22125 + 2223 + 2224 — 2225 + 2227 — 2427 + 32526 — 22527,
0= —2127 — 2128 + 2227 — 2228 — 2229 + 2325 — z?, + z527 — Z? — 2728,

= 2122 + 2126 — 2226 + 2227 — 2427 + 2429 — 22527 + 2529 — 2(2,» + 2627,
= —z122 + z% — 2927 + 2327 + 22328 + 2427 + 2428 + 2527 + Z? + 22728,
= 32125 — 2326 + 32426 + 22526 + 32527 — 2627 — z? + 32728 — 22729 + zg s
= 2129 + 2228 — 42229 + Z§ + 2324 + 22327 + 2427 — Z% — 2628 + 22629 + Z? + 2729,
= —z126 + zg — 2327 — 2328 — 2329 + 22427 — 2429 — 2527 — 2z§ — 2627 — z? — 2728 — 2729,
= 22128 — 2129 + 22227 — 2228 + 2229 — 2325 + 23 + 22 — 2527 — 2628 + 22629 — 22728 — 2729,
0 = 2122 + 2126 + 2227 — 2327 + 2328 + 2427 + 2428 + 2420 — 2527 — 22528 — 22529 + 2627 — 22 + 2728,
= 2125 + 2223 + 2224 — 2225 + 2227 + 2326 + 2426 + 2527 + 2627 + z? — 2728 + 2729 — 22§ + 22829 — 23 )
= 2128 + 22129 — 22027 — 2229 + 2324 + 2325 + zaz7 + 2E + 2527 + 2627 — 2628 — 226729 — 2728 + 22729,
= —z% + 2122 + 22126 — 2127 — 2z§ + 2026 + 2027 — 2028 — 2425 — 2427 — zg + 22527 — 2528 — zg — 2628 ,
0= —z127 + 2128 — 2129 — 32027 — 22028 — 2324 — 2325 + 2425 — za27 — 2527 — 2627 + 2628 — 25 + 2728 — 2729 ,
= —2123 — 2124 — 2125 — 2127 — 22224 — 32925 — 2327 — zZ427 + 2526 — 2527 + z? — 2728 — 2729 — zg — 22829 + zg s
= —z128 + 2120 + 2028 + 2029 + 2324 + 2325 + 25 + 22425 + 2az7 + 28 + 2527 — 22627 + 22628 — 22629 — 2728 + 2729,
= 2125 — 2125 + 2223 + 22024 + 2228 + 2326 + 2327 — 2426 — 28 — 2527 — 2627 — 2678 — 2629 + 22 — 2728 — 2729 — 24
— 22829 — 2z§ s
0 =22 — 22120 — 2126 — 2128 + 2226 — 2227 — 2229 + 2325 + 22327 + 2329 + 2425 + 2428 — 2527 + 22528 + 28
+ z627 + 2628 + 23 — 2728 + 2729,
0=2120 — 2128 — z% + 2023 — 22025 — 2027 + 2228 — 2325 — 2327 — 22328 — ZAZ5 — ZAZT — 2428 — zg — 2z527 + z%

+ 22728 — 22729 + 22% + 22829 — zg .
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An example of second 5-descent. Consider the genus one normal curve of de-
gree 9
u% - 7U3U4 + 2U2U5 =0
u3 — 21lugus + ujuz = 0
C=1{ u2—3uus+ugus =0 » CP*
Tui — uyug + 2uzus = 0
6Ug — UU3z + UTUy = 0

It represents an inverse pair of elements in ITI(£/Q)[5], where E is the elliptic curve,
E:y* + 2y = 2° — 109388z — 13934358 .

labelled 105002 in Cremona’s database. This elliptic curve is somewhat special in that
it admits a rational 5-isogeny. Such curves were studied by Fisher in his PhD thesis
[Fi2]; we have taken C' from his website. His computations show that ILI(E/Q)[5] =
Sel®®(E/Q) and that both are of dimension 2 over F5. We perform a 5-descent on C
to show that Sel®(C'/Q) = () and consequently that III(E/Q)[5®] = LI(E/Q)[5], i.e.
that there is no higher-powered 5-torsion in II(£/Q).

The special Gg-structure of the set of flex points C' makes the computations practi-
cal. The flex points of C split into 5 Gg-orbits, each consisting of 5 flexes. Each orbit is
the intersection of one of the coordinate hyperplanes, {u; = 0}, with C. For example,
the hyperplane {us = 0} intersects C' in the points

(—6°: —60*:0:1:0)
where 6 is a 5-th root of 7. The corresponding factor of F is Q(0).

The splitting of the flex algebra also leads to a splitting of Hs,, the largest factors
being of degree 25. While there is a considerable amount of ‘book keeping’ involved in
keeping track of all the factors, computations in Hy should be entirely practical. This
would be necessary if one were to construct an explicit model of some 5-covering of C',

but to show that Sel®(C'/Q) = 0 it will be enough to work only with the fake descent
map.

LEMMA 4.1. The projection Hg — F*/Q*F*® is injective.

Proor: Of the 132 possible Galois actions on the flex points, the map fails to be
injective for only 28 (cf. the table at the end of section II1.6). A direct computation
shows that the action on X is not of one of these 28 types. a

REMARK: For at least one of the 28 types for which injectivity fails, the action of
Galois factors through a cyclic subgroup of the Galois group of the splitting field of
X. Chebotarév’s density theorem then implies that injectivity fails to hold over Q, for
infinitely many primes v.

From the lemma it follows that the 5-Selmer set of C' maps injectively to the fake
5-Selmer set. Since the 5-Selmer group of the Jacobian has dimension 2, we know that
Sel®(C'/Q) is either of dimension 2 or is empty (see prop. 1.4 and cor. 1.5). To show
that Sel®(C/Q) = 0 it suffices to show that the image of Sel®(C'/Q) under the fake
descent map has fewer than 25 elements.

Write F' ~ F)} x --- X Fj, each factor corresponding to the flex points on the
hyperplane {u; = 0}. Use N; to denote the norm from F; to Q. The linear form
(y € Fluy, ..., us) used to define the fake descent map splits as a tuple /; = (L1, ..., Ls)
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of linear forms, each defined over some F;. It is easy to see that N;(L;) and ] cut out

the same divisors on C. This leads to relations of the form N;(L;) = ¢; - u} in the

coordinate ring of C, where ¢; € Q* are some constants. Arguing as in section I1.5 we

see that the image of Cov(()5)(C’ /Q) under the fake descent map is contained in the set
FX

%1:{(517---,55):5€W

: Ni(6;) = ¢; mod Q*°}.
REMARK: This is slightly more restrictive than I1.5 where we showed that the image of
the fake descent map is contained in the set {§ € F*/Q*F>*®: N(§) =[], ¢ mod Q*5}.

For each i € {1,...,5}, we can easily compute such an L;. For example, the hyper-
plane meeting (=63 : —6? : 6 : 1 : 0) with multiplicity 5 is defined by the vanishing
of

Ls = 80uy + 50%uy + 50%us + 560wy + 41us .

From this one can compute that c5 = 7 mod Q*°. Similar computations for the other
i show that the only primes appearing in the factorization of some ¢; with multiplicity
prime to 5 are contained in the set S = {2,3,5,7}. This set also contains all primes of
bad reduction for C' and the L;. Hence, the fake Selmer set is unramified outside S.

Use Fs to denote the unramified outside S part of F*/Q* F*°. From the discussion
above it follows that the image of Se1(5)(C’ /Q) under the fake descent map is contained
in the set

‘/C,S = {((51, e ,55) =0 € fS . Nl((sz) = C; mOdQX5} .

Since F' splits, computation of the unramified outside S subgroup is fast. The subset
Ves is a translate!! of the space

Vis = {(01,...,05) =0 € Fs : Ni(6;) =1 mod Q*°} .

This turns out to be a 2-dimensional Fs-vector space, generated by the classes of the
elements dy,dy € F* ~ F[* x -+ x F. given by

dy == (5,5,5,5,19 + 120 — 46* — 76> — 6*) | and
dy = (5,5,5,5, 414744 + 31472760 — 5862967 — 16906260° — 438816%),

where 6 is a 5-th root of 7.

In order to cut down the size any further we need to use information coming from
some prime in S. Considering the decomposition of the prime 2 in the constituent
fields of F' one can see that there is exactly one flex point defined over Q;. Existence
of a Qq-rational flex point means that E[5] and X are isomorphic as Gg,-sets. Using
lemma 2.1 this tells us that the local image, ® fa102(C(Qq)) C Fy/Qy Fy®, consists of a
single element. In order that an element in V_ g lie in the fake Selmer set it is necessary
that it restrict to this element. One can check, however, that the restrictions of d; and
dy above are nontrivial. This means that the image of V. in Fy,'/Qy F,® is of size
at least 5. It follows that the image of the 5-Selmer set under ® fake 18 @ proper sub-
set of V, 5. As such it has strictly fewer than 25 elements, proving that Sel® (C/Q) = 0.

1One can check that Ves #0
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Verifying BSD. As a final example we offer the following theorem which, in ad-
dition to some very deep results regarding BSD, brings to bear many of the currently
available algorithms for explicit descents on curves of genus one.

THEOREM 4.2. The full Birch and Swinnerton-Dyer conjecture holds for the elliptic
curves

E:y?=2>+7.61%-97", and
E iyt =a2%-3.7.61%.97
defined over Q. In particular, III(E/Q) ~ HI(E'/Q) ~ Z/12Z x Z/12Z.

REMARK: Along the lines of theorem 1.1.1 it should be possible to explicitly write down
a list of 74 = 122774 + 4 genus one normal curves in projective space with the property
that if V/Q is any variety such that for all p < oo, V ®Q, is Q,-isomorphic to £ ® Q,,
then V' is Q-isomorphic to exactly one curve in the list. The models for the elements
of order 2, 3 and 4 are produced by the descents described below. We would then need
Fisher’s method [Fi5] for combining these to produce models for the elements of order
6 and 12.

As in Theorem I.1.1, the hard part of the proof is taken care of by the existing
partial results in the direction of BSD. The role of descent is to compute the p-primary
parts of the Shafarevich-Tate groups at the primes 2 and 3. Note that these curves are
related by the 3-isogeny

Y

39273613974 3 — 9373613974},
h:EE(a,b)t—><a+ 7°61°97% a 7°6 97>€El.

a? a3

So the validity of BSD for either curve implies its validity for the other.

One can check that the values of the L-series of E and E’ at s = 1 are (equal and)
approximately 5.5542. Results of Coates and Wiles then imply that the Mordell-Weil
groups are finite [CoWIi]. One easily checks that there is no nontrivial torsion on either,
so the Mordell-Weil groups are trivial. The predicted orders of III(£/Q) and LI(E'/Q)

are the numbers

= Lp(1) an
el B) = Q0B TL e (B ™
H_Lm(E/) _ LE’(l)

QE) - TLaw) Co(E")

where L(s) is the L-series, €2 is the real period, C, denotes the Tamagawa number at p
and A is the discriminant (note that the regulators and torsion subgroups are trivial).

The real period of E is Q(F) ~ 0.0096427 and the only Tamagawa number not
equal to 1 is C7(FE) = 4. This gives

5.5542
Man(E) & (0.0096427) -4 1

The real period of E’ satisfies Q(E) = 3-Q(E") and the nontrivial Tamagawa numbers
are C3(E') = 3 and C7(E’) = 4. Thus 1, (F’) ~ 144 as well.

It is known that II1,,(E) and I11,,(E’) are rational numbers of (explicitly) bounded
denominator, so (taking the computations to sufficiently high precision) we conclude
that they are in fact equal to 144. Rubin’s result then implies that ILI(E/Q)[p] = 0 for
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all primes p not dividing 11, (E) or the order of the group of units in the ring of inte-
gers of the field of complex multiplication. The same holds for III(E"/Q). These curves
have CM by v/—3, so we conclude that both Shafarevich-Tate groups are annihilated
by some power of 6.

After applying these deep results, we are left only with the task of computing the 2-
and 3-primary parts of [II(£/Q) and III(E’/Q). Since the validity of BSD for a given
elliptic curve is actually a property of its isogeny class, it will suffice to perform the
computations for either curve. We describe the computations for £. The computations
for £ are similar (and equally feasible).

The 2-primary part. One needs explicit first and second 2-descents to produce mod-
els for the elements of order dividing 4 and then a third 2-descent to show that there are
no elements of order 8. The 2-descent on E yields models for the 3 nontrivial elements

of ITII(E/Q)[2] as double covers of P':
Cy :uj = 130174u] — 71004u? — 426024u3 + 2011780u; — 390522,
Cy : uj = 11834u; + 260348u? — 710040u + 1372744u; + 3999892,
Cs : uj = 5917uf + 29585u% — 177510uF + 804712u; + 562115.

For each C; a second 2-descent will produce a pair of quadric intersections, each rep-
resenting a pair of inverse elements of order 4 in III(E/Q). For example, Sel®(C3/Q)
is of order 4 and represented by the two curves
Dy = { 222% + 142129 —2BZ§ +4z123 — 22023 + 5z§2+ 82124 + 22024 — 82324 — 15z2 :20 } cPp? ’
2427 + 8z122 — 2225 + 362123 + 182223 + 6325 — 542124 — 242924 + 422324 + 1425 =0
Dy — { , 3z%+2z122;-3z§+6z123 — 22923 —§z§+6z1z4+24z2z4 —13z§ =0 ) } CP3.
621 + 862122 — 2025 — 182123 + 22223 + 13z3 — 182124 — 222024 — 62324 — 42z4 =0
One then uses Stamminger’s method for third 2-descent which shows that none of the
elements of order 4 lift to elements of order 8. It follows that the 2-primary part is
HI(E/Q)[2%°] ~ Z/AZ x Z]AZ.

The 3-primary part. For this we can make use of the 3-isogeny. A 3-isogeny descent
computes that Sel™(E/Q) ~ Sel™)(E'/Q) ~ Z/3Z. Since the Mordell-Weil groups
are trivial these Selmer groups are isomorphic to the corresponding torsion subgroups
of the Shafarevich-Tate groups. The exact sequence

L EQ@) ol L Sel® B g (B 0) I(E"/QN]
O rE@p) O B/ STEQ) 2 ST = o)y O
reduces to

0 — Sel™(E/Q) — Sel®(E/Q) — Sel™)(E'/Q) — 0,
which splits since Sel® (E/Q) is 3-torsion. We conclude that III(E/Q)[3] ~ Z/3Z x
Z737.
The 3-isogeny descent (implemented in MAGMA) is also explicit in that it produces
the projective plane cubic

C b + 4us + 4017643u3 = 4uiug + Suyus
representing the pair of nontrivial elements in Sel™(F/Q). This also represents an

inverse pair of nontrivial elements in Sel®® (E/Q). In order to show that ITI(E/Q)[3] ~
Z./37 x 7./3Z it will be enough to show that Sel®(C/Q) = 0.
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For this we do a second 3-descent. The reducibility of E[3] translates into a splitting
of the flex algebra. We find that F' is isomorphic to the product of the cubic and sextic
number fields with defining polynomials

f(t) =t> —4t* — 3t + 4 and
f(t) = t° + 2408704t + 5533080062500

and the set of bad brimes is S = {2,3,5,7,61,97}. Despite the splitting, computation
of F(S,3) takes a couple hours of processor time. Having accomplished that however

the remaining computations are very fast. The fake 3-Selmer set is contained in the set
of all 6 € F*/Q*F*3 such that

(1) ¢ is unramified outside 5,
(2) Npjg(d) = 761?97 mod Q** and
(3) Vv € S,resy(d) € Crakes(C(Qy)) -

This set can be computed without ever using Hs and turns out to be empty. It follows
that the 3-Selmer set of C' is empty and thus that the 3-primary part of III(E/Q) is
isomorphic to a product of two cyclic groups of order 3.

5. Directions for further work

Minimization and reduction. As we have noted, our algorithm currently pro-
duces models that may be utterly useless for finding rational points. The problem being
that we have not developed a systematic way of ensuring that the coefficients of these
models are of a reasonable size. While there is much room for both theoretical and
practical improvement, we have had some success in a few preliminary examples. The
primary source of inspiration is the paper of Cremona, Fisher and Stoll [CFS] where
the problem of obtaining nice models for genus one normal curves of degrees 2, 3 and
4 is solved.

The process breaks into two steps termed minimization and reduction. The first
works locally at a non-archimedean prime and aims to remove prime factors from
the invariants of the model. In practice we have had some success using the ad hoc
methods developed by Fisher when he was working with 6- and 12-coverings. But in
order to develop the theory in any comprehensive way, one would first need to develop
a theory of invariants for genus one normal curves of larger degree. At the moment this
seems difficult, partly because it is not entirely clear what the appropriate definition
of an integral genus one model of degree n should be. Naively one could define this
as a collection of n(n — 3)/2 quadrics in n variables with integral coefficients, but an
arbitrarily chosen collection has a poor chance of defining a genus one normal curve. In
any event, the invariants will be given as polynomials in the coefficients of the model
and should be related to the standard invariants, ¢4, cg and the discriminant, of the
Jacobian. These polynomials will likely be too large to ever write down, so one may
also need a clever way of evaluating them.

In contrast, the outlook for reduction is somewhat more optimistic. After having
removed prime factors from the invariants, one wants to make a unimodular transfor-
mation to make the coefficients smaller (it is somewhat enlightening to think of this as
minimization at an archimedean prime). Here there is a clear theoretical description
over Q for arbitrary n, which reduces the problem to lattice reduction. The question
is how to go about doing it in practice. Fisher has explained to me how the method of
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reduction for 4-coverings generalizes to 9-coverings, though at the time of writing this
had not been implemented.

Even higher descents. Once one develops a reasonable method for producing
nice models of p?-coverings of elliptic curves one might try to do descent on these.
Stamminger’s method of third 2-descent could be used as a guide for a general method
for third p-descents. One step in his method involves solving a conic over a cubic
number field. The analog for larger p will likely require finding a rational point on a
p — 1 dimensional Brauer-Severi variety defined over a number field of degree p? — 1.
Already for p = 3 this seems quite difficult. Even so a theoretical description would
be nice. Stamminger’s method actually computes a fake 2-Selmer set. As with second
descents, the naive generalization to odd p will likely omit too much information for
one to be able to recover the genuine p-Selmer set. So there will likely be a bit of work
involved in correcting for this.

In a different direction, one might try to combine the results of Stamminger’s third
2-descents with those of a second 3-descent. Fisher has devised a method for producing
explicit models for 6- and 12-coverings of an elliptic curve starting from a pair of 2- and
3- or 3- and 4-coverings [Fi5]. He has used this to find generators of the Mordell-Weil
group of unprecedentedly large height. It would seem that aspects of his method apply
to any pair of consecutive prime powers, so one might try combining 8- and 9-coverings
to produce T2-coverings of elliptic curves. For this to be useful (or even feasible) in
practice one would, of course, first need to deal with minimization and reduction of 8-
and 9-coverings.

Descent on higher genus curves. In retrospect, the criterion for choosing the
family of functions defining our descent map was that it could be used to perform a
p-descent on the Jacobian (cf. I1.4.5). Namely, the induced map on Pic) (C) could be
identified with the connecting homomorphism in the Kummer sequence of multiplica-
tion by p on the Jacobian. For genus one curves it is likely to be easier to perform
descent on the Jacobian by using functions on the Jacobian itself. The point, however,
is that any family of functions on a curve C' of arbitrary genus which are useful for
computing or bounding a Selmer group of the Jacobian should also allow one to obtain
information on coverings of C'. This is implicit in the approach taken by Bruin and
Stoll [BS] who have used the u; — 6 map to perform (fake) 2-descent on hyperelliptic
curves, rather than on their Jacobians.

In the more general situation of cyclic covers of the projective line of the form
ub = f(uy), Poonen and Schaefer [PS] use the u; — 6 map to perform fake descents on
the Jacobian. Stoll and Van Luijk have suggested [StVL] that one can use additional
information coming from the function uz € x(C)* to ‘unfake the fake Selmer group’.
They construct a homomorphism from the subgroup of Pic(C') consisting of divisors
whose degrees are divisible by p which eliminates the ambiguity in the fake descent. It
would seem the techniques of this thesis can be used to induce a similar homomorphism
on the full Picard group. This would then allow one to compute the corresponding
Selmer set of C' or to study coverings of the torsor in H' (K, Jac(C)) corresponding to
Pic' (C).

Period-index questions. In addition to being able to compute a potential cov-
ering obstruction to the existence of rational points, such explicit descriptions of the
coverings could potentially be used to study subtle period-index questions for C'. In the

genus one case, the image of the descent map gives a parameterization of Cov(()p ) (C/K).
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If this is nonempty, then C' is divisible by p in the Weil-Chatelet group by an element
of index dividing p?. The explicit description of Hy allows one to relate existence to
the solvability of certain norm equations (cf. I11.5.4). We have been able to show, for an
elliptic curve E over a number field k, that every element of III(E/k)[2] is 2-divisible
by an element in H'(k, E) of index dividing 4 (Theorem 1.2.5). It would be interest-
ing to determine whether this remains true for odd primes and, if not, then use the
description to find a counterexample.

One could also study the analogous question for coverings of cyclic covers of the
projective line. In this situation the coverings parameterized by the analogous descent
map should be those for which the pull-back of a ramification point (which always
defines a K-rational divisor class) is linearly equivalent to a K-rational divisor. Using
the explicit description of the image of the (fake) descent map for hyperelliptic curves
given in [BS], we have been able to construct examples of everywhere locally solvable
hyperelliptic curves over Q for which no such coverings exist [Cr2]. It seems that this
somewhat unexpected result might be explained by the existence of everywhere locally
solvable hyperelliptic curves over Q which have no 2-coverings defined over QQ.
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