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Overview

Symmetric Functions
* Multiplication
* Plethysm

» Transition Matrices
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Symmetric Functions

mmetric polynomial f
* multivariate polynomial: f € Q[x1, 22,3, ..., xy,]
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Symmetric Functions

mmetric polynomial f
* multivariate polynomial: f € Q[x1, 22,3, ..., xy,]

* fixpoint of Sym,, action on the variables:
f(:l?l, e ,:L“n) = f(xﬂ(l), e ,xw(n))\V’T( S Symn

symmetric function
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Symmetric Functions

mmetric polynomial f
* multivariate polynomial: f € Q[x1, 22,3, ..., xy,]

* fixpoint of Sym,, action on the variables:
f(:l?l, e ,xn) = f(xﬂ(l), e ,xﬂ(n))\V’T( S Symn

symmetric function

* Infinite number of variables but finite degree
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Symmetric Functions

onomial symmetric function

» orbit of a monomial z! := zi'222 ... for I € NNof
finite weight = X1,
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Symmetric Functions

onomial symmetric function

» orbit of a monomial z! := zi'222 ... for I € NNof
finite weight = X1,

* my = Symy(z!)
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Symmetric Functions

onomial symmetric function

» orbit of a monomial z! := zi'222 ... for I € NNof

finite weight = X1,
* my = Symy(z!)

* mo201(a,b,c,d) = a’*b+a’ct+a’d+ab?... = Symy(bd)
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Symmetric Functions

UNIVERSITAT |
I w BAYREUTH —p-5/4




Symmetric Functions

; =my <= J IS apermutation of I
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Symmetric Functions

; =my <= J IS apermutation of I

* {my|I Is a partition of weight < n} Is a basis of the
vectorspace of symmetric functions of degree <n
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Symmetric Functions

; =my <= J IS apermutation of I

* {my|I Is a partition of weight < n} Is a basis of the
vectorspace of symmetric functions of degree <n

* {my|I Is a partition} is a basis of the vectorspace
of symmetric functions
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Symmetric Functions

; =my <= J IS apermutation of I

* {my|I Is a partition of weight < n} Is a basis of the
vectorspace of symmetric functions of degree <n

* {my|I Is a partition} is a basis of the vectorspace
of symmetric functions

* (I+a+b+c+..)(a*+b*+c*+...) = mg+m3+ma
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ementary symmetric function
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Symmetric Functions

ementary symmetric function

° ep:=mqr fOrk e N
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Symmetric Functions

ementary symmetric function
° ep:=mqr fOrk e N

° e3=abc+ abd+ ...+ bed + bce + . ..
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Symmetric Functions

ementary symmetric function
° ep:=mqr fOrk e N
° e3=abc+ abd+ ...+ bed + bce + . ..

* er:=ey, x e, x...for I ¢ NNof finite weight
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Symmetric Functions

ementary symmetric function

° ep:=mqr fOrk e N

° e3=abc+ abd+ ...+ bed + bce + . ..

* er:=ey, x e, x...for I ¢ NNof finite weight

* {es|I Is a partition} is a basis of the vectorspace of
symmetric functions
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Symmetric Functions

nerating function

* ¢, 0.f. of standard tableaux of shape 1*
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Symmetric Functions

nerating function

* ¢, 0.f. of standard tableaux of shape 1*

d d e
* e3=|b| +|Db| +...0c| + |c| +...
a a b b
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nerating function
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Symmetric Functions

nerating function

* ¢; g.f. of standard tableaux of skew-shape
15 % 112 x ..
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Symmetric Functions

nerating function

* ¢; g.f. of standard tableaux of skew-shape

o 112 x .
d d e
b b c
° e32= | a + | a + ... b + | b
b b b b
a a a a
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mplete symmetric function
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Symmetric Functions

mplete symmetric function
° hp:=XnrmyforkeN

° h3=m3z+maoj +mii
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Symmetric Functions

mplete symmetric function
° hp:=XnrmyforkeN
° h3=m3z+maoj +mii

* h;:=hy, x hy, x ...for I € NNof finite weight
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Symmetric Functions

mplete symmetric function

° hp:=XnrmyforkeN

° h3=m3z+maoj +mii

* h;:=hy, x hy, x ...for I € NNof finite weight

* {h;|I IS a partition} is a basis of the vectorspace
of symmetric functions
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Symmetric Functions

mplete symmetric function

* hy g.f. of standard tableaux of skew-shape
]1 X ]2 X ...
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Symmetric Functions

mplete symmetric function

* hy g.f. of standard tableaux of skew-shape
]1 X ]2 X ...

hzo= |a|a]|a + |la|alb —
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Symmetric Functions

wer sum
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Symmetric Functions

wer sum

° pp=my forall k e N
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Symmetric Functions

wer sum
° pk:mkara”kéN

° pr:=pr, X pp, x ...for I € NNof finite weight
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Symmetric Functions

wer sum
° pk:mkara”kéN

° pr:=pr, X pp, x ...for I € NNof finite weight

p32= |a|a|a +... 10D |D +.
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Symmetric Functions

wer sum
° pk:mkara”kEN

° pr:=pr, X pp, x ...for I € NNof finite weight

p32= |a|a|a +... 10D |D + .
a| a c|c

* {ps|I 1s a partition} is a basis of the vectorspace
of symmetric functions
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Symmetric Functions

chur function
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Symmetric Functions

chur function

o partition 1=(1,>..>1,>I11=0,0,...) eN".
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Symmetric Functions

chur function
o partition 1=(1,>..>1,>I11=0,0,...) eN".

* Sy is the g.f. of standard tableaux of shape I
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chur function

* S21(a,b,c) = S21(A3) =

o partition 1=(1,>..>1,>I11=0,0,...) eN".

* Sy is the g.f. of standard tableaux of shape I

b c b c b C c C
ala ala alb alb alc a b|b b|c
a’b a’c ab? abe abe ac b2c bc?
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Symmetric Functions

chur function

o partition 1=(1,>..>1,>I11=0,0,...) eN".
* Sy is the g.f. of standard tableaux of shape I

* Sy1(a,b,c) = 521(A3) =

b c b c b C c C
ala ala alb alb alc a | c b|b b|c
a’b a’c ab? abe abe ac? b2c bc?

=a?b+a?ctab?+2abctac?+b% c+bc?
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Multiplication

gebra A of symmetric function
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Multiplication

gebra A of symmetric function

* elementary symmetrice; x ej = X ... ek
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Multiplication

gebra A of symmetric function

* elementary symmetrice; x ej =Yg ...eg =eqyy
trivial
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Multiplication

gebra A of symmetric function

* elementary symmetrice; x ej =Yg ...eg =eqyy
trivial

* same for powersum, complete
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Multiplication

gebra A of symmetric function

* elementary symmetrice; x ej =Yg ...eg =eqyy
trivial

* same for powersum, complete

* monomial symmetric m; x my = Yk ... mg Simple
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Multiplication

oduct of Schur functions

° Sy xSy=XgcrjgkSK
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Multiplication

oduct of Schur functions
° 51 XSy =Xkcr kSK
» Littlewood-Richardson Rule:

cr gk = humber of some combinatorial objects
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Multiplication

oduct of Schur functions
° 51 XSy =Xkcr kSK
» Littlewood-Richardson Rule:

cr gk = humber of some combinatorial objects

* useful for a single coefficient ¢; j i
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Multiplication

ttlewood Richardson rule
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Multiplication

ttlewood Richardson rule

* Srx Syisthe g.f. of standard tableaux of
skew-shape I x J
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Multiplication

ttlewood Richardson rule

* Srx Syisthe g.f. of standard tableaux of
skew-shape I x J

© So1 X 591 =
b b
a | a + ... |a|a + ...
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Multiplication

u de taquin

© So1 X 591 =

UNIVERSITAT _
I w BAYREUTH —p16/4




Multiplication

u de taquin

© So1 X 591 =

UNIVERSITAT _
I w BAYREUTH —p16/4




Multiplication
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Multiplication

u de taquin

© So1 X 591 =
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Multiplication

u de taquin

© So1 X 591 =

+
QIO | X
+
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Multiplication

u de taquin

' 52,1 X 52,1 —

d
+ c ™
o
b |b b
alalala a|c|c
= S0+ .. + 53111+
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Multiplication

ttlewood Richardson rule

* combinatorial LR

d d

c|cC —

c
b
a
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d

Cc

Cc
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d

ttlewood Richardson rule

* combinatorial LR

c
b
a

C

* polynomial LR
So1 X So1 = ...+ 53111 + ...
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Multiplication

ttlewood Richardson rule

* combinatorial LR

d d

c|cC —

c
b
a

a | c c|cC

* polynomial LR
So1 X So1 = ...+ 53111 + ...

* polynomial LR (fixed number of variables)
521(143) X 521(143) = ...+ (53111(143) = O) + ...
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Multiplication

ttlewood Richardson rule

* combinatorial LR (tableaux, non-commutative)

d d

c|cC —

c
b
a

c|cC

a | c

* polynomial LR (commutative)
So1 X So1 = ...+ 53111 + ...

* polynomial LR (fixed number of variables)
521(143) X 521(143) = ...+ (33111(143) = O) + ...
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Multiplication

chubert polynomial
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Multiplication

chubert polynomial

* multivariate € N[x1,z9,..., 2]
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Multiplication

chubert polynomial
* multivariate € N[x1,zo,..., 2y

* |abeled by permutations: X, for w € Sym,,
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Multiplication

chubert polynomial
* multivariate € N[x1,zo,..., 2y
* |abeled by permutations: X, for w € Sym,,

* homogeneous, degree = (w)
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Multiplication

chubert polynomial
* multivariate € N[x1,zo,..., 2y
* |abeled by permutations: X, for w € Sym,,
* homogeneous, degree = (w)

° non-symmetric
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Multiplication

chubert polynomial
* multivariate € N[x1,zo,..., 2y

* |abeled by permutations: X, for w € Sym,,
* homogeneous, degree = (w)

° non-symmetric

* generalizes Schur polynomials
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Multiplication

chubert polynomial Xi3594

X

_— DN W s Ot
X
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Multiplication

chubert polynomial Xi3594

5 X
4 X
3 C C X
2 b X
1| X
1 2 ! 4 5]
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Multiplication

chubert polynomial Xi3594

5 X AN
4 X — T
3 c X : :
9 b | x - -
1| x - L
1 2 3 4 5 o g
ala
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Multiplication

chubert polynomial Xi3594

5 X AN
4 X T T
3 C X : : =
% b | x Ll 12 591(As)
1| x T T

1 2 3 4 5 » g
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Multiplication

chubert polynomial X12463581079
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Multiplication

chubert polynomial X12463581079

10 X
9 X
8 X
7 X
6 X
) X
4 X
3 X
2 X
1| x
1 2 3 4 ) 6 7 8 9 10
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Multiplication

chubert polynomial X12463581079

=N W OO 0O o
X

* Xi2463581079 = 521(A4) X S21(Asg)
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Multiplication

chubert polynomial X12463581079

=N W OO 0O o
X

* Xi2463581079 = 521(A4) X S21(Asg)

* Xy2463581079 | Ag = S21(A4) X S21(Ay)
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Multiplication

onk’s rule X,, € N[aq, .. .]
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Multiplication

onk’s rule X,, € N[aq, .. .]

CLZ’XXw — E X”LU/ — E X”LU//
w' w'!
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Multiplication

onk’s rule X, € Njay, .. ]
CLZ’XXw = ZXw/ — ZXw//
w/ w//

o w =w(i,j)with j >diand (v ) = (w) + 1
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Multiplication

onk’s rule X, € Njay, .. ]
CL@XXw = ZXw/ — ZXw//
w/ w//

o w =w(i,j)with j >diand (v ) = (w) + 1

* w’ =w(i,j)with j <7 and [(w") = l(w) + 1
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Multiplication

onk’s rule X1i9463581079
7 X X12463581079=
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Multiplication

onk’s rule Xio463581079
a7 X X12463581079= X12463510879 +X12463591078
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Multiplication

onk’s rule X1i9463581079

a7 X X12463581079=  X12463510879 +X12463591078
-X12463851079  ~X1248356 1079
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Multiplication

onk’s rule Xi2463581079
a7 X X12463581079=  X12463510879 TX12463591078

-X12463851079  ~X1248356 1079
ag X X124835697 10—
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Multiplication

onk’s rule Xi2463581079
a7 X X12463581079=  X12463510879 TX12463591078

-X12463851079  ~X1248356 1079
ag X X12483569710—  X12483561079
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a7 X X12463581079=

ag X X124835697 10—
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X 12463510879
- X 1246385 1079
X124835610 79
- X 124835967 10

Multiplication

+.X 12463591078
- X1248356 10 79

- X124935687 10

.—p-22/4



onk’s rule Xi2463581079
a7 X X12463581079=  X12463510879

- X 124638510 79
ag X X12483569710—  X12483561079
- X 124835967 10

* 7 Index of last decrease In w :
CI//L >< Xw E— Xw/ - ZXw//
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Multiplication

onk’s rule Xi2463581079

a7 X X12463581079=  X12463510879 +X12463591078
-X12463851079 =X 12483561079

ag X X12483569710—  X12483561079

-X12483596710  ~X124935687 10

* 7 Index of last decrease In w :
CL/L >< Xw E— Xw/ - ZXw”

® X12483561079 = a8 X X124835697 + X 124835967 + X 124935687
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Multiplication

ttlewood Richardson - Lascoux Schutzenberger

1246358 1079
0012001200

ag X X124635897 + X 124635987
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Multiplication

ttlewood Richardson - Lascoux Schutzenberger

1246358 1079
0012001200
!
124635987
001200210

ag X X124635978 + X124637958 + X 124735968

UNIVERSITAT _
l w BAYREUTH —p-23/4




Multiplication

ttlewood Richardson - Lascoux Schutzenberger

1246358 1079
0012001200
!
124635987
001200210
/ N\

124637958 124735968
001201200 001300200

a7 X X124735%69 + X 124738569 + X 124835769

UNIVERSITAT _
l w BAYREUTH - —p.23/4




Multiplication

ttlewood Richardson - Lascoux Schutzenberger

1246358 1079
0012001200
!
124635987
001200210
/ N\
124637958 124735968
001201200 001300200
/ N\
12473856 12483576
00130200 00140010
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Multiplication

Scoux Schutzenberger

0012001200
!
0012002100
/ N
001201200 001300200
/ N
00130200 00140010
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Multiplication

Scoux Schutzenberger

0012001200

!
0012002100
/ N
001201200 001300200
/ / N

00120210 00130200 00140010

! N N
0033000 0013200 00140100
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Multiplication

Scoux Schutzenberger

0012001200
!
0012002100
/ N
001201200 001300200
/ / N
00120210 00130200 00140010
/ ! ! N N
00220200 0121200 0033000 0013200 00140100

! / !
00123000 00240000 00114000
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Multiplication

Scoux Schutzenberger

0012001200
!
0012002100
/ N
001201200 001300200
/ / N
00120210 00130200 00140010
/ ! ! N N
00220200 0121200 0033000 0013200 00140100
/ ! ! N ! / !
0123000 0022200 0112200 0111300 00123000 00240000 00114000
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/
00120210

/ !
00220200 0121200

/ ! !
0123000 0022200 0112200

S321 S222 S2211
I w UNIVERSITAT
BAYREUTH

Scoux Schutzenberger

Multiplication

Sa1 X S21
0012001200
!
0012002100
/ N\
001201200 001300200
/ N\
00130200 00140010
! N N\
0033000 0013200 00140100
N\ ! / l
0111300 00123000 00240000 00114000
S3111 S33 S321 Sa2 Sa11
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Multiplication

AGMA
>Q := Rationals();

>S = SFASchur(Q);

>s21 .= S.[2,1];

>521*s21,

S.[2,2,1,1] + S.[2,2,2] + S.[3,1,1,1] + 2*S.[3,2,1]
+ S.[3,3] + S.[4,1,1] + S.[4,2]
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Plethysm

Ird operation on A
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Plethysm

Ird operation on A

* given f, g of degree m.,n
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Plethysm

ird operation on A
* given f, g of degree m.,n

* addition f + ¢ of degree ~max(m,n)
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Plethysm

ird operation on A
* given f, g of degree m.,n
* addition f + ¢ of degree ~max(m,n)

* multiplication f x g of degree n +m
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Plethysm

ird operation on A
* given f, g of degree m.,n

* addition f + ¢ of degree ~max(m,n)
* multiplication f x g of degree n +m

* plethysm f|g] of degree m x n
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Plethysm
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Plethysm
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Plethysm

* variables in hy = tableaux of es
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Plethysm

blbo|+|b|lc|+]b|d|+...

¢ h2 [62] =
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Plethysm

¢ hQ [62] =

was misleading
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Plethysm

¢ hg [62] =
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Plethysm

+ 16| d| +
¢ hg[eg]:
a | a
was misleading
bl b|...lc|ld|...|d]|c
° h —
2le2 a | a alb a | b

* holea] = S2|S11] = S22 + S1111

UNIVERSITAT _
l w BAYREUTH . —p-28/4




Plethysm

>Q := Rationals();
>S = SFASchur(Q);
>e2 = S.[1,1];
>h2:=S.[2];

>h2~e2:

S.[1,1,1,1] + S.[2,2]
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Plethysm

gorithm for S,[S;,] = > ... Sk
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Plethysm

gorithm for S, [S.,] => ... Sk

* Sn[Sm]= "plethystic’ fillings of n x m rectangle
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Plethysm

gorithm for S, [S.,] => ... Sk
* Sn[Sm]= "plethystic’ fillings of n x m rectangle

© S3[5] =

aa | aa aa|aa | ab aa | aa | ac aa | aa | bb aa | aa | bc aalaa|cc|.. =
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Plethysm

gorithm for S, [S.,] => ... Sk

* Sn[Sm]= "plethystic’ fillings of n x m rectangle

© S3[5] =

bc aalaa|cc|.. =

aa | aa aa|aa | ab aa | aa | ac aa | aa | bb aa | aa

QO
Q
Q
(o
QO
o
(o
O
(o
o
O
O

8}
jab}
o}
8}
o}
8}
QO
o}
jab}
QO
8}
jab}
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Plethysm

gorithm for S, [S.,] => ... Sk

* Sn[Sm]= "plethystic’ fillings of n x m rectangle

© S3[5] =

bc aalaa|cc|.. =

aa | aa aa|aa | ab aa | aa | ac aa | aa | bb aa | aa

QO
Q
Q
(o
QO
o
(o
O
(o
o
O
O

8}
jab}
o}
8}
o}
8}
QO
o}
jab}
QO
8}
jab}

° =: P99y = P23.
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Plethysm

r arbitrary partitions I =£™*,...,1™

UNIVERSITAT _
I w BAYREUTH —p31/4




Plethysm

r arbitrary partitions I =£™*,...,1™

* Pyn(a,b,c,...) =
Z’?:%l a’ Z|I|=nm—z’,]§m” Pf(ba ¢, d, )
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Plethysm

r arbitrary partitions I =£™*,...,1™

* Pyn(a,b,c,...) =
Z’?:?g a’ Zlﬂznm—i,lgm” Pf(ba ¢, d, )

ajla| |a a a
¢ lala| [ala]l |a ajal |a a a
ala| |ala| lala| |ala||a|a]| |a a alal |a
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Plethysm

0
1
o 11
21 111
- 22 211
. a . 221
22
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Plethysm

* first step:
alal€ S3|92] =5€53]52]
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Plethysm

* first step:
alal€ S3|92] =5€53]52]

* second step:

al| P
ala P1231

a| a
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Plethysm

* first step:
alal€ S3|92] =5€53]52]

* second step:

al| P
ala P1231

a| a

‘S@WithOUt alaljlalalal=5
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Plethysm

* third step

aP2a P, =55 Z . P11 =59 together 259
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Plethysm

* third step
aP2a P, =55 Z . P11 =59 together 259

o Sewithout/al|a|ala|=5
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Plethysm

* third step
aP2a P, =55 Z . P11 =59 together 259

o Sewithout/al|a|ala|=5

* add to the result: 94
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Plethysm

 fourth step

Py a| P

a Py1 = 591 + S3 a P11 = S3 together
253 + 591

UNIVERSITAT _
I w BAYREUTH .—p-35/4




Plethysm

 fourth step

Py a| P

a Py1 = 591 + S3 a P11 = S3 together
253 + 591

° S+ Spwithout| a | a | a|=2535+ S91
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Plethysm

current needed new
5 |5 Se/5 = S1 S 0
4 | Sg Se/a = S2 259 S4o
3 Se + S0 SG/3 + 542/3 = | 255+ 591 0
253 + So1
2 | Se+ Sa2 | Seya+ Sygjpe = | 254+ 252 + Sa1 | S22
254 + 522 + 531

S531S2] = Sg + Sa2 + 5229
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Transition Matrices

* 5 bases, fixed degree
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Transition Matrices

* 5 bases, fixed degree

* matrix size = number of partitions
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Transition Matrices

* 5 bases, fixed degree
* matrix size = number of partitions

* combinatorial interpretation
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Transition Matrices

5 bases, fixed degree
* matrix size = number of partitions
* combinatorial interpretation

* power sum — Schur : character table Sym,,
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Transition Matrices

>PowerSumToSchurMatrix(5);
(1-1010-11]
10-1010-1]
(1-110-11-1]
(11-10-111]
101-2101]
1210-1-2-1]
1145654 1]
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Transition Matrices

AGMA
>S = SFASchur(Rationals());
>P:=SFAPower(Rationals());
>SIP[1,1,1,1,1];

S.[1,1,1,1,1] + 4*S.[2,1,1,1] + 5*S.[2,2,1]
+ 6*S.[3,1,1] + 5*S.[3,2] + 4*S.[4,1] + S.[5]
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Transition Matrices

fferent problems
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Transition Matrices

fferent problems

* computation of a complete matrix
use conjugate partition
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Transition Matrices

fferent problems

* computation of a complete matrix
use conjugate partition

e computation of a single row
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Transition Matrices

fferent problems

* computation of a complete matrix
use conjugate partition

e computation of a single row

* computation of a single value
Murnaghan Nakayama rule
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Last Page

hank you very much for your attention.
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