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The Problem




The Problem

- * point sets in Z

QZ%

* looking for sets with special properties
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The Problem

all points have pairwise integral distance

* given two points
r=(x1,...,0m) EZ" , y=(Y1,...,Ym) € LM

o if X (2; —y;)% is a square in Z,,
* then z and y have integral distance

* Integral point-sets, i.e. all pair of points have
Integral distance
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The Problem
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The Problem

~ * further properties for point-sets
* semi-general position

°* no (t+ 1) points on a (¢t — 1) hyperplane
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The Problem
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The Problem

~ * point-sets with further properties
* general position

* .= semi-general
and no (¢t + 2) points on a (¢t — 1) hypersphere
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The Problem

4 circles with 8 points, 2 circles with 2 points
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Modelling
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Modelling

search for integral point-sets

* becomes a 0 — 1 solution of a Diophantine system
of equations

 for each point there is a variable z;

* a solution with z; = 0 says this point is not in our
point-set

* a solution with z; = 1 says this point is in our
point-set
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Modelling

~ * prescribe the number s of points

P n™ . —
it 1T =S

* any solution is a point-set with the only property,
there are s points In it.
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Modelling

Integral distance

 for each point (=variable) z; there are a; points
{y1,...,ya,} C {z1,...,z,=} Which have not integral
distance

 for each point add the inequality
a;t; +y1+ ...+ Yo, < a4

* a0/1 solution with z; = 1 has no further points in
the solution which have no integral distance to z;.
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Modelling

- * semi-general position

* for each (¢t — 1)—hyperplane h; build by the points
{y17 I 7yri} C {331, .. ,anm}

* add the inequality:
yrt...ty, St

* Ina0/1 solution there are at most ¢ + 1 points on
each hyperplane h;
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Modelling

general position, further inequalities

 for each (¢t — 1)—hypersphere s; build by the points
g} C{on, e am)

* add the inequality:
Y1+ ...+ oy StE+2

* Ina0/1 solution there are at most ¢ 4+ 2 points on
each hypersphere h;
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Modelling

° Z%
* variables z1, ..., 234
* |looking for a point-set with 4 points:

1+ ...+ x36 = 4.

UNIVERSITAT
w BAYREUTH = Pp-17/3




Modelling

* Integral distance

16215 + 1 +290+ 24 +25 +27+ ...+ 229 < 16
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Modelling

* semigeneral = no 3 on a line

x5 + 10 + 15 + T20 + To5 + T3 < 2
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Modelling

* general = no 4 on a circle

Te + L9 + T14 + T16 + T21 + X30 + X317 + 235 < 3
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Modelling

size of the problem

* one equation for the number of points

 for each point one inequality for the integral
distance

 for each hyperplane one inequality for
semi-general

 for each hypersphere one inequality for general
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Reduce the Problem




Reduce the Problem

1 equation for the number of points
* 36 point inequalities for integral distance
* 42 line inequalities

* 18 x4 = 72 circle inequalities
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Reduce the Problem

nolonger searching for an arbitrary solution

* decompose the set of all points in disjoint subsets
» search for solutions built from subsets

* = adding up columns in the system of equations

* still too many rows
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Reduce the Problem

* prescribing automorphisms of Z™

* ¢1(x,y) = (z+2,y) and ¢a(z,y) = (2,y + 2)
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* columns are the

* but an automorp
* point p In hyperp

* point p In hypers

Reduce the Problem

prescribing automorphisms of Z™

orbits of the automorphisms

nism ¢ IS incidence - preserving
ane h < o¢(p) € ¢(h)

ohere s < ¢(p) € ¢(s)

* z and y in integral distance < ¢(x) and ¢(y) are
In integral distance
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Reduce the Problem

° rows corresponding to
points/nyperplanes/hyperspheres in the same
orbit are identical

* automorphisms also reduce the number of rows

* size of the system of equations is now the number
of orbits
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Other Problems

* other rings
» other properties

* other methods for reduction
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Last Page

Thank you very much for your attention.
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