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ON THE DECOMPOSITION MATRICES
OF THE QUANTIZED SCHUR ALGEBRA

Michela VARAGNOLO and Eric VASSEROT!

Abstract. We prove the decomposition conjecture for the Schur algebra stated in
[LT]. We also give a new approach to the Lusztig conjecture via canonical bases of
the Hall algebra.

0. Introduction and general notations.

0.1. The aim of this paper is to give a proof of the decomposition conjecture for
the quantized Schur algebra [LT, Conjecture 5.2] which generalizes the theorem of
Ariki (see [A]) on the decomposition numbers of the Hecke algebra of type A. More
precisely, let A° be the level 1 Fock space of type A and let B* be the bases of \™
introduced in [LT]. The decomposition conjecture links the decomposition matrices
of the quantized Schur algebra and the basis B*. Our proof consists in two steps
. first we express B* in terms of some Kazhdan-Lusztig polynomials. Then we
note that a simple module of the quantized Schur algebra can be pulled-back to
a simple module of the Lusztig integral form of the quantized enveloping algebra
of sl;, (denoted by U(slg)). Thus, the Lusztig conjecture for the dimension of the
simple U(sl;)-modules at roots of unity identifies the entries of the decomposition
matrices with some Kazhdan-Lusztig polynomials. It suffices to observe that these
polynomials are precisely the ones which appear in BT.

Let U,, be the Hall algebra of nilpotent representations of the cyclic quiver. Set
e = exp(2im/n’). Put n = n’ if n odd, n = n’/2 else, i.e. n is the order of 2.
Let U.(slx) be the specialization at v = ¢ of U(sly). We give a new approach
to the proof of the Lusztig conjecture on the character of the simple modules of
U, (sl) in terms of the canonical basis of U, . Recall that this conjecture (proved
by Kashiwara-Tanisaki and Kazhdan-Lusztig) gives the multiplicity of the Weyl
module of U.(sl;) with highest weight p, say W,,, in the simple U, (sl;)-module
with highest weight A, say V), i.e.

(a) Va: W] =3 (1) Pe(1),

where z € & % is minimal such that v = X - 2! satisfies
v; < Vg1 Vi=1,2,..,k—1, vi—vy>1—Fk—n,

1Both authors are partially supported by the EEC grant no. ERB FMRX-CT97-0100.
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and p = X -z~ 1y. We proceed as follows. First we prove that A™ is a cyclic U}, -
module generated by the vacuum vector |@). Then we define a basis B’ of U, using
intersection cohomology. We construct a basis B of A™ via the action of B’ on
the vacuum vector. We prove that B and BT are fixed by the same semi-linear
involution (see Theorem 6.3). At last, we prove that the equality B = BT is a
g-analogue of the Lusztig conjecture (see Subsection 11.4). The reader should be
warned that we endow the Hall algebra with the product opposit to the usual one
(used in [G1] or [L1-4]).

The plan of the paper is the following. In Sections 1-4 we recall the definitions
and the main properties of the basic objects. In Sections 5-6 we construct an action
of U,,; on the Fock space \™. Proposition 6.1 is new. In Section 7 we introduce the
convolution algebra on pairs of affine flags. This algebra is a geometric analogue
of the affine Schur algebra (Proposition 7.4) and is related to U, in Proposition
7.6. In Sections 8-9 we give a representation of U, on the finite wedges space,
/\l, via the coproduct of U, . This action is related to the convolution algebra on
affine flags by Lemma 8.3. In Section 10 we interpret the action of U, on A as a
“limit” of /\l when [ goes to infinity. Using the results of Sections 7-9 we prove that
the elements of B are fixed by the Leclerc-Thibon involution (Theorem 6.3). In
Section 11 we prove the Decomposition Conjecture. Let us observe that the proof
only uses the results of Sections 8 and 9. In Section 12 we reinterpret the Lusztig
conjecture. We use in an essentiel way the construction of the representation of
U,, on A\” given in Section 6.
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0.2. We now fix a few general notations. Set S = C[v], A = Clv,v~!]. Let F
be a field with ¢ elements and let F be the algebraic closure of F. Fix a set I.
For any i € I and r € NX let F"[i] be the I-graded F-vector space with a single
r-dimensional component, in degree i. Let ¢; € NU) be the dimension of F[i]. For
any d € N set |d| = Y icrdi- If i € Z let 7 be the class of i in Z/nZ. Given a
positive integer [ let II(!) be the set of all the partitions of I and let II; be the set
of partitions with at most [ parts. Put II = U;II(1). The set II is endowed with
the usual order. If X\ € II let A\’ be the dual partition. For an irreducible algebraic
variety X we denote by H*(ICx) the i-th cohomology sheaf of the intersection
complex of X. Then, for any stratum Y C X, let dim H! (/Cx) be the dimension
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of the stalk of H!(ICx) at a point of Y. For any set X with the action of a group G
let Cg(X) be the set of G-invariant functions X — C supported on a finite number
of orbits. For any subset X of an algebraic variety let X denote its Zariski closure.

1. The Hecke algebra.

1.1. Fix n € N* and set
—{icZ'|1-n<iy<ip<---<i <0}

Let ©&; be the symmetric group and let (‘51 S; x Z! be the extended afﬁne Weyl
group. Let Sl - (‘51 be the set of simple affine reflexions and put S; = Sl nG;.
As usual, the simple affine reflexions are denoted by s, s1, ..., ;1 in such a way
that S; = {s1,s2,..., 81— 1} Let m € (‘51 be the zero length element such that
si_1 = 7 ts;m. The group (‘51 acts on Z! on the right in such a way that

(DA =1i+n\ if xeZ!
(i)SJ = (il,ig, ...,ij+1,ij, ...,il) if ] 7£ 0
( )80 = ( T — My 19, .y 111, 01 —|—n).

The alcove A} is a fundamental domain for this action. If i € A} let &; C él be its
isotropy group, S; = Sl NG;, and let &1 be the set of minimal length representatives
of the cosets in G; \61 For any = € 61, let z; € &; and 2! € &' be such that
r = z;7'. Let w € &; be the longest element. Set p = (0,—1,—2,...,1—1) € Z! and
put N

Axz=(A+pzx—p, re&;, viezh

1.2. The Hecke algebra of type GL;, say H;, is the unital associative A-algebra
generated by Tiﬂ, 1=1,2,... — 1 modulo the following relations

LT '=1=T7'T, (T; + 1)(T; —v=2) = 0,

(a)
T T Ty =Tia T Tigr,  |i—j|>1=>TT; =TT,

The affine Hecke algebra of type GL;, say ﬁl, is the unital associative A-algebra
generated by T, inl, i=1,2,...,1—1,5 =1,2,...,l modulo the relations (a) and

X, X t=1=X1X;, X, X; = X; X,

T X Ty = v 2 X441, jELi+1=X;T, =T, X,.

For all z € &; x Z' let I(z) be the length of z and let T, be the normalized
element T, = v!(*)T,. The algebra H; is isomorphic to the Hecke algebra of the
extended affine Weyl group &; x Z' via the Bernstein isomorphism which maps T
to X* = XM X2 .. XM if A € Z! is dominant, i.e. if )\1 >N > o> AL The
semilinear involution ~ Hl — Hl is such that T, = =T L for all z. For all z put
T, = v'®T,. If t € C* let H”t be the specialization of Hl at v =t.



2. The quantum group.

Put I = {1,2,....,n— 1} (resp. I = {0,1,...,n—1}) and let a;; be the entries of
the Cartan matrix of type A, 1 (resp. Aﬁ}ll). The quantized enveloping envelop-

ing algebra of sl,, (resp. sl,) is the unital associative C(v)-algebra generated by
e;, f;, k;ftl, 1 € I, modulo the Kac-Moody type relations

kk '=1=k; 'k, k; k; =k, ki,

kie; =v*e;ki, kifj =v "k, e, f] =4y l;i__zl){_i;a
1—ay; 1—a;;
Z (_1)kegk) e; egl—aij—k) _ Z (_1)kfi(k) f; fi(l—aij—k) =0 if i#j,
k=0 k=0
where
bk k £k
R R O R A A

We denote by U(sl,,) (resp. U(sA[n)) the Lusztig integral form, i.e. the A-subalgebra
generated by the divided powers egk), fi(k), and by k;ftl. If n = oo the algebra U(sl,)

is well defined. The algebras above are Hopf algebras. The coproduct is
Ae;=e; @k, +1®e;, Af=fiel+k '®f, Ak =k k.

Let U~ (sl,) C U(sl,) and U~ (slos) C U(slo) be the subalgebras generated by
the elements fi(k).

3. The Hall algebra.
In this section we recall some of the results of [L1-4] and [G1].

3.1. Fix a finite field F with ¢? elements as in the introduction. Let I' = (I, J)
be an oriented graph : I is the set of vertices and J is the set of arrows. Given
an arrow j € J let j; and jy be respectively the input vertex and the output
vertex. Fix d € NU) and let V be an I-graded F-vector space of dimension d. Let
Ey C @®,c;Hom (V},, Vj,) be the subset of nilpotent representations of I' on V. In
this paper we will suppose that I' is one of the following two graphs :

(a) T =T, is the cyclic quiver of type AP e T = Z/nZ and J ={t—1+1|1¢€
Z/nZ},
(b) T =Ty isthe infinite quiver of type Ay, ie. [ =Zand J = {i — i+1|i€ Z}.
3.2. Set Ay = Cq,, (Ev) where Gy = [[,.; GL(V;). Given a,b € N guch that
d = a + b, fix I-graded F-vector spaces U, W of dimensions a,b. Let consider the
diagram

Ey x Ew&~E2 2 F,,

where



(c) E is the set of triples (z, ¢, ) such that z € Ey,

AN VN 7N

is an exact sequence of I-graded vector spaces and ¢(U) is stable by z,

(d) F is the set of pairs (z,U’) where x € Ey and U’ C V is a z-stable I-graded
subspace of dimension a.

Given f € Cq, (Ey) and g € Cg,, (Ew) set

fog=q " (ps)ih € Cq, (Bvy),

where h € C(F) is the function such that p3h = pi(fg) and m(b, a) = > ; bj, a5, +
> icrbia;. Then (A, 0), where A = @, Ay, is an associative algebra.

3.3. Given a,b € N) such that d = a + b, fix a I-graded F-vector space U C V of
dimension a. Let consider the diagram

Ey x Byjy+®~E-5Ey.

Here ' C FEy is the subset of representations preserving U, the map i is the
inclusion and p is the obvious projection. Set

Aa,b : Ad — Aa 02y Aba f = q_n(b’a)p!i*fa

where n(b, a) = . ;b a5, — > ey biai.

3.4. Recall that I' = T'), or I's. The classification of the isomorphism classes of
nilpotent representations of I' does not depend on the ground field F. It is proved
in [R] that the structural constants of A in the basis formed by the characteristic
functions of the Gy -orbits in Ey are the value at v = ¢ of universal polynomials
in A. Thus A can be viewed as the specialization at v = ¢ of a A-algebra, called
the generic Hall algebra. Let U, (resp. U ) be the generic Hall algebra if I' =T',,
(resp. I' =T'). It is known that U_ is isomorphic to U~ (sl ) and that U~ (s:\[n)
embeds in U, (see [G1]). Let A° be the A-linear span of elements kq with d € Z(!)
such that
ko=1 and ky.ky =ksty, Va,b.

For simplicity we will write k; = k., for all 7 € I. Set A = A ®, A° and put
(f®ka)o(g®ky) =v " (fog) ®kats, Vg€ Ag VfEA,

where a - d = —n(a, d) — n(d, a). Consider the map A : A — A ®, A such that

A(f ® kC) = Z Aa,b(f)(kb-i-c & kc)a Vf €Aq.
d=a+b

Then (A, o,A) is a A-bialgebra (it is due to Lusztig for the composition algebra,
the general case is due to Green). Put U, = AifI' =T, and U = AifI' =T.
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3.5. Given a Gy-orbit O C Ey let fo € A be the v4™ © times the characteristic
function of O. For any Gy-orbit O C Ey set

bo = Y v TAmO=dmO gim i (ICo) for.
1,0/

The elements by form a basis of A. If d € N let £, € A be the characteristic
function of the zero representation of I' in a d-dimensional space. The following
result is proved in Section 13.

Proposition. The algebra A is generated by the f;, d € N, O

3.6. Given two integers i < j, let F[i, 7] be the unique indecomposable representa-
tion of I's, (resp. T',) with dimension Y7} _; €x (resp. Y7 _; €z). For any partition
A= (A1 > Ay >--) let F[A] be the representation of I' such that

FIA| = EDF[L — k, A — K].

E>1

Let Oy be the orbit of F[A] and put d) = dim O,.

4. The Fock space.

In this section we recall the construction of the quantized Fock space, due to [H],
as it is re-interpreted in [MM].

4.1. Let T'(\) be the tableau of shape A whose box with coordinates (x,y) is filled
with y — z. For instance if A = (432) we get

—2[-1
—1{0]1
ol1]2]3]

Let A\ be a A-module with basis {|\) | A € IT}. If i € Z, a removable i-box of T'())
is a box with the color ¢ which can be removed in such a way that the new tableau
still comes from a partition. Similarly, an indent ¢-box corresponds to a box with
the color ¢ which can be added to T'(\). Given 7 € Z/nZ, i € 7, and a partition A
put

n;(A\) = #{indent i-box of T'(A\)} — #{removable i-box of T'(\)},
and nz(\) = Ziei ni(A), n; (A) = Zj<i&jeinj (A), nj_()‘) = Zj>i&jez nj()‘)-
4.2. The algebra U(sl,,) acts on A\ by

ki(|A) ="M ), () =), E(IA) = w),

where the partitions p, v are such that T'(u) — T'(A\) and T'(\) — T'(v) are a box
with color 7. It is known that A is the simple module with highest weight Ag
(the fundamental weight) and that the canonical basis of A™ is {|\) | A € IT}. The
weight multiplicities in A are 0 or 1, i.e. Ay is a minuscule weight.



4.3. The algebra U(sl,,) acts on A™ by

ke(|0)) = o™ 2), er(IN) = Do v Vei(A), £(1A) = D v VE(IN).

1€ 1€7

5. The representation of U on \™.

The algebras U, and U~ (sly) are isomorphic. Thus A may be viewed as the
quotient of U by a left ideal I. Let us describe I. Let T's, be the quiver I's, with
the opposit orientation. For any Z-graded F-vector space V let Ay be the variety
of pairs (z, %) of commuting representations respectively of I's, and I'o, on V. The
variety Ay is reducible. For any Gy -orbit O C Ey set

Ao ={(z,z) €e Av |z € O}.
According to [N] the orbit O is stable if there exists a triple

(z,z,1) € Ao x Hom(F[0], V)
such that 7 is homogeneous of degree 0 and that for any graded subspace W C V,
(a) (z(W),z(W)CW and ImiCW) = W=V

(since the Hall algebra is endowed with the product opposit to the usual one, we
use the stability condition opposit to the one in [N]).

Proposition. The ideal I is linearly spanned by the elements bo such that O # O
for all \. Moreover the map U /I — A, bo, + I+ |\), is an isomorphism of
U_ -modules.

Proof. From [N, Theorem 11.7 and Proposition 3.5], I is linearly generated by the
elements bp such that O is unstable. Let us show that for any A € II the orbit
O, is stable. A dimension counting then shows that the orbits O, are precisely all
the stable orbits. Recall that F[i, j] is the representation x of I's, on the graded
space @i:z F v, where vy, is a non-zero vector of degree k, such that x(vg) = Vkt1
if £k < j and z(v;) = 0. Fix A = (A1, A2, ..., A;) € II. Fix non zero vectors vy s €
F[1—k, A, — k] with degree s. The representation F[)] is given by the endomorphism
x such that for all k,

T(Vgs) =Vpst1 if se€[l—k,Ag—Ek), and z(vga,—x)=0.

Let us exhibit a pair (i, Z) satisfying (a). Fix a graded homomorphism i € Hom(F[0], F[A])
such that vy o € Im4. Consider the degree —1 linear operator z on F[A] such that

Z(Vgs) = Vky1,5—1 itk #rand s < A\py1 — K, Z(vg,s) = 0 else.
The operators x and £ commute since
zZ(vps) = 0 = Zx(v, ) Vs,

xZ(vg,s) = 0 = Zx(vg,s) Vs > Agr1 — k,

2T (Vk,s) = Vgt1,s = TX(Vp,s) Vs < A\gr1 — k, VE # 1.
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Now if W C V is such that (W) C W and Imi C W then F[0,\; — 1] C W :
namely vy o € W and thus vy 3 = 2°(v1,0) € W for all s. By definition of Z we have
forallt <r

H(F[0, Ay — 1]) = F[—#, Ay ys — 1]

The dimension dy of F[)\] is such that dy ; is the multiplicity of the color i in the
tableau T'(\) (see Section 4). Thus the linear isomorphism b, + |\) preserves
the weights. Moreover it preserves the canonical base up to a permutation of its
elements. Since A( is minuscule there is at most one vector of a given weight in the
canonical basis. Hence the canonical bases are fully identified. a

6. The representation of U, on A\~

6.1. Fix d € N® and let V be a Z-graded F-vector space of dimension d. Let
d € N%/"Z be the multi-index such that d; = > jerdjforalli € Z/nZ, and let V be

the d-dimensional Z/nZ-graded vector space such that V; = @ .., V;. The vector
space V is filtered by the subspaces

=PV, Viel

Jzi

JET

The associated graded is naturally identified with the Z-graded space V. Set
Eyyv ={z € Ey|z(V>;) C Vsiq1, Vi}.

Themap p : Ey y, — Ey associate to a representation of I', in V the corresponding
graded representation of I'o, in V. Let j : Ey , < Ey be the closed embedding.
Let consider the map v4 : U ;— U_ , such that

7d\v:q*1 : CG‘-/(E\_/) — CGV(EV)’ f = q_h(d)p!j*<f)a

where h(d) = ZZ<J&T -d (dj_|_1 —dj). Put k(b, CL) = Zi>j&i:j bi(2aj —aj_l —aj+1).
The following is proved in Section 13.

Proposition. Fiz o, 8 € N%/"% gnd d € N®) such that d = o + 8. Then,

> vy (fom(g) =va(fog)  VfETU,,,Yge U,
a+b=d
a=a,b=03

O

Remark. With the notations in Section 3.5 we have v4(f;) = v"®f;. Observe

fﬁdi)v

that f; is the product of the divided powers f;™’’s ordered from i = —oo to oo.

6.2. For all A € Il and all z € U, put

(a) Z’yd Yka(|A))  where Z dje;.

7<i,7=7

Corollary. Formula (a) extends the Hayashi action of U~ (s:\[n) on N\ to a rep-
resentation of U, .
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Proof. The compatibility with the product in U follows from Proposition 6.1.
Formula (@) implies that

(X)) = D2 D vt ),

1€7

where 1 is a partition such that 7'(u) — T'(A) is a box with color ¢ and

gleidy) = =) (2dx; — dj—1 — dxj11) + 0,
i<j
J=1

where o; = 1if7 < 0and 7= 0, and a; = 0 else. We have already observed that d ;
is the multiplicity of the color ¢ in T'(\). Thus, n;(A) = —2dx j+dx j—1+dx j+1+650,

and
gleindr) =Y _n;(A) =nf (V).

g
6.3. For any \ € I set by = bp, |#) where O, is the isomorphism class of represen-
tations of I',, defined in Subsection 3.6. Put B = {b | A € II}. Leclerc and Thibon
have introduced in [LT] a semi-linear involution on A\™.

Theorem. B is a basis of \° whose elements are fized by the Leclerc-Thibon
involution.

The theorem is proved in Subsection 10.1. We first introduce some more material.

6.4. Let r : Eyy — Ey be such that
() v, = Dic: Ty, Vo € Ey.
Fix a Gy-orbit O C Ey such that ON Ey y # 0. If € p(O N Ey ) then

(b) ip~'(@)n0) € { ?;Ij_ )N glse“w) =

Indeed, fix y € p~1(2)NO. It suffices to consider the case where y is indecomposable.
Then, fix a basis of homogeneous vectors {v; |7 € [1,7]} of V such that

(¢) y(vk) = V41 VE=1,2,..,7r—1.

If r(z) € O\ O then there exist i, j, such that v; € V>; \ Vs, and vi41 € Vsy. If
t € F* the representation y; € Ey y obtained by doing vy, + tvg, for all & < i in
(c) is in p~1(x) N O. Thus §(F>*) [#(p~1(z) N O). If 7(x) € O then r(x) and y are
isomorphic since 7(z),y € O. Thus z is indecomposable and it is easy to see that
p~1(x) N O is a vector space. We are done. The identity (b) implies the following
lemma which is used in Section 12.

Lemma. For any Gy-orbit O C Ey we have

’yd(fo) = fo/ mod (’U — 1)
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where O' C Ey is the unique Gy -orbit such that r(O’) C O. 0

7. Flag varieties.

7.1. Fix a positive integer I. Set L = F((2)) and G = GL;(LL). A lattice in L' is a
free F[[z]]-submodule of rank [. Let Y be set of sequences of lattices L = (L;)iez
such that

LiC Ly and Lip,=z"'L;

The group G acts on Y in the obvious way. Let M be the set of all Z x Z-matrices
with non-negative entries, say m = (m;;); jez, such that m; ., ji, = m;;. Set

M'={me M|, ;>0 my =1}

The set M' parametrizes the orbits of the diagonal action of G in Y x Y : to m
corresponds the set Yy, of the pairs (L, L) such that

LixaN Ly )

(Lz N L9+1) + (Li+1 N L;)

mij = dlm[g<
For all L € Y let Yy, 1, be the fiber over L of the first projection Y, — Y. If
Y, # 0 then Yy, 1, is the set of F-points of an algebraic variety whose dimension,
denoted by y(m), is independent of L. Let 1, € Cq(Y x Y) be ¢ ¥™) times
the characteristic function of Y;,. The convolution product, denoted x, endows
Ce (Y x Y) with the structure of an associative algebra.

7.2. Let X be the set of sequences of lattices L = (L;);cz such that
Li g Li—i—la Li—‘rl = Z_l LZ and dlmF(LH_l/LZ) =1.

The group G acts on X in the obvious way. The orbits of the diagonal action of G
in Y x X are labelled by functions i : Z — Z such that i(k+ 1) = i(k) +n for all k
: let X; be the orbit of the pair (L;, Ly) such that

L;; = H Fe; and L@,i:HFej.

i(4)<i J<i

Here (eq,ea,...,¢;) is a fixed L-basis of L! and e; 1 = 27 %e¢; forall k € Z. A
periodic function i as above is identified with the l-uple (i(1),i(2), ...,i(1)) € Z!. If
L €Y let X; 1, be the fiber over L of the projection X; — Y. If X; 1, # 0, then Xj 1,
is the set of F-points of an algebraic variety of dimension [(w;). Let 1; € Co(Y x X)
be ¢!« times the characteristic function of X;. The space Cg(Y x X) is a left
Ce(Y x Y)-module and a right Co(X x X)-module.

7.3. For allz € &, let X, C X x X be the G-orbit of the pair (z(Lg), Lg). There is
an algebras isomorphism H;j,-1=Cg(X x X) which maps T}, to the characteristic
function of X, (see [IM]). Put P = X Ty T, ' T,71.



11

Lemma. The right action of H, on Ca(Y x X) is such that ifi € A?, z € &1, and
5 € 8y, then (1;) P = ®1(;), and

U_ll(i)w if xs¢ &' (then xs> 1),
(Liye) Ts = Les if ws>z and wzse &,
1iyas + (vt — V)l if xzs<x (then zse &h).

Proof. To simplify the notations fix [ = 2. Fixi € A? and x € &' Set (i,7) = (i)z.
Then

rs; ¢ &'« (It S; suchthat wzs; =tx) < (i,5)s1 = (i,4).
Moreover,
xs; >z and w8 € & = i<j and (i,5)s1 # (4,7).
The formulas in the proposition gives
v_21(i,j) if =y,
(Lag) Tr={ v 11 if i<y,
v LGy + (0= 1)1, if Q>

These are precisely the formulas in [VV, Section 5] taking into account the different
normalizations for the Hecke algebra and the factor ¢—!(“4). The result follows from
[VV, Proposition 6]. 0

7.4. Fixiec A}. Let H; C ﬁl be the parabolic subalgebra associated to &;. Set
e = ZwEGi T, and m; = ZwEGi v 24@) | Thus el = mie; and & = 2 @ie Set

Ty = @ieA{’ ei Hy.

~

The affine ¢-Schur algebra S,, ;, introduced in [G2], is the endomorphism ring of
the right H;-module T, ;. If j € A} set

Mys = {m € M| Yin 1 (G(La) x G(Ly)) # 0).
A matrix m € Mj; is identified with the class in &; '\ @Z/Gj of the elements x such

that (L¢ye, Lj) € Ym. Set Ty = ZwEm T,. Let Hj; € H; be the A-linear span of
the elements Ty, with m € M;j;. The A-linear homomorphism

D jear Hij = Sny
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which maps Ty, m € M;jj, to the endomorphism such that ex — 0y j Tm € eiﬁl, is
invertible. The product in the affine ¢-Schur algebra, denoted e, is

TmeTl, = 5k,j Wj_leTn Vm € Mij Vn € M.

Ifte C* let §n,”t and T, ;; be the specializations of §n,l and T, ; at v=1t.

Proposition. (a) The map @ : /S\n’”q—l — Ca(Y XY), Tm = ¢*™ 1y, is an
isomorphism of algebras.

(b) There is a unique isomorphism of /S\n’”q—l X ﬁ”qfl-modules, still denoted P,
from T,, 5141 to Cq(Y x X) such that e; — ¢"“)1; for allic AP,

Proof. The map @ is a linear isomorphism. For all x,y, z € S, let B;,(v) € A be
such that
.7, =), B, (v)T,.

If (L",L) € X, then,
B;y(q—l) =#{l' e X|(L", LY e X, & (L',L)e X,}.

Fix m € Mjx, n € M;j, and o € Mjk. Let A%. € N be such that

Lyxlo =y q VW vOmmAR 1,

Then for any z € m,
AR = hJ_l > aen Bgy(q_l),

y€Eo

where hj = 7jj,—q—1 is the cardinal of the fiber of the projection X — G(L;). Claim
(a) follows from the identity

TheT, = 7rj—1 3. ZZEE Bz, (T, =3 AmTm mod(v—q 7).

Let @ be the unique isomorphism of right ﬁl—modules Tn’”q71:>CG(Y x X) such
that ®(e;) = ¢'“i)1; for all i € A?. Let us prove that ® commutes to the action of
S,.,i. We must prove that for all i,j € A} and all m € M;; then

@1+ 15 = ¢ DR B(5Thm) = ¢" D HD B (1) T,
Put

I * 15 = Z q_y(m)—l(wj)'i‘l(wk)Ahljlk’ (1) T = Z q—l(Wi)+l(Wk)A§<m1k.
keZ! keZ!

Fix z € &, and (L”, L) € X, whose projection in ¥ x X is in Xj. Then

A =#H{L €Y |(L', L)) € Y, (I,L)eX;}=h" Y B (¢,

yeEm
:cEGj
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A= ML eX (L L)eX,, (I L)eX,}=)> Bi(qh.
yEm yEm
EASICH

Claim (b) follows from the equality

Y TTy=at Y T,T.

yeEm yEm
IS :cEGj

O

7.5. The set Mt = {m € M|i > j = m;; = 0} parametrizes the isomor-
phism classes of nilpotent representations of the quiver I'y, : O is the class of
@D, D, Fli,j]™. Let ~ be the unique semilinear involution on U, fixing the
elements bo_, .

Proposition. The involution ~ on U, is a ring homomorphism and f, = £, for
all o € NZ/nZ),

Proof. The second claim is obvious since f,, is the characteristic function of a single
point. We now prove the first claim. For any algebraic variety X over F let D(X)
be the bounded derived category of complexes of Q;-sheaves on X (see [L2], [L3]).
If G is a connected algebraic group acting on X let D (X)) be the full subcategory
whose objects are sums of shifted simple G-equivariant objects in D(X). Lusztig
has defined in [L2, Section 3.1] a convolution product

* L 'Dé;SU (EU) X 'Dé;sw (Ew) — 'Dé;sv (Ev)

such that Fx G = (p3)H where H satisfies p3H ~ p;(F ® G). Let D be the Verdier
duality. Since p; and po are smooth with connected fibers and since ps is proper we
get D(F xG) = (DF) = (DG)|[2d; — 2d3] where dy and ds are the dimensions of the
fibers of p; and py. Let o, 8 be the dimension of U, W. We know that dy =), a2+
>, 82 and dy = dg + m(B,a). Thus D(F % G) = (DF) * (DG)[2m(8, «)]. Finally
observe that the elements bp_ are the Frobenius traces of the simple perverse
sheaves on the Ey since the varieties Oy, are pure (see [L1, Corollary 11.6]). O

7.6. If I’L € Y are such that L/ C L then L/L' may be viewed as a nilpotent
representation of I';, of dimension « where o; = dimp(L;/L}) (see [L2, Section 11],
[GV]). Then, set

a(L',L) = ZdimF(Li/Lg)(dimF(LQH/Lg) — dimp(L;/L})).
i=1
Let © : U, — /S\n,l be the A-linear map such that
DoO(f)(L,L)=q D f(L/L) if L'CL, 0 else

Ifi € AP and m € M let m! € U; M;; be the matrix with the (i, j)-th entry equal
to

O (1 + 1) = ey M) + (1= ig)miga -
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Let ¢ be the semilinear involution on §n,l such that ¢(u) = v=2"«)q for all u € ﬁij.

Proposition. The map © : U, — gn,l is an algebra homomorphism. Moreover
ifue U, and m € M* we have

$poO(u) =0(u) and PoO(fp )= Z 1.

Proof. The first claim is immediate from the formula
a(L",L)—a(L',L) —a(L", L")y = —m(L/L', L' /L")

and from the definition of the product in U, and Cg(Y x Y). We know that
f, = f, for all a € N/72) Similarly, ¢ o O(f,) = O(f,) since for any flag L’ the
L’s such that L' C L and f,(L/L’) # 0 are the rational points of a smooth variety.
Hence, the second claim results from the first claim, Proposition 3.5, and the fact
that ¢ is a ring homomorphism. Now let us first prove that

() (I\L) €Yy <= <L/L’60m and dimF(L;/L;_l):ni—l(i)).

By definition (L', L) € Yy if and only if

P . . L; NL"
Gij (i1 +1) = 2o pcmig) + (1= di5)miyr,; = dimp (LimL;.++11)+(IJJj+110L;.))

Thus it suffices to prove that if dimg (L}, ,/L}) = $i~ (i + 1) and L' C L then

(d) dimF<(Lilmi£f)ljﬁLmL;)) is the multiplicity of F[i, j] in L/L’ for all i < j,

e) ifx; : L;j/L; — L;+1/L}, is the map induced by the inclusion L; C L;y1,
i + i+1

then
#171 (i + 1) — dimg Ker (z7) = dim(L}, , /(L; N L, 1)).

Claim (e) is immediate since

L1/ Li

Ker (z;) = (L; N Lj,,)/ L, Ly /(LiN L) ~ TnL)/L

and since #i~1(i + 1) = dim(L],,/L}). Part (d) is due to the fact that F[i, j] is a
direct summand of L/L’ if and only if there is a vector w € L}, \ L such that
w € L; \ L;—1. The second claim follows from (¢) and the formula

(me M™ and m'e M)= dimOy + a(m') = y(m?),
which is left to the reader. O

Remark. For any m € M set

Cn = Z U—H-y(m) dim H%’n,L (ICYm,L) T,

7,0
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where L is such that Y, # 0. The elements c,, form a A-basis of §n,l and
¢(Cm) = ¢m. Proposition 7.6 implies that for any m € Mt we have

@(bom) = Z Cmi -

i|mieM

We will not use this.

8. The tensor representation of U, .

8.1. Let A® be the A-linear span of vectors x;, i € Z. Let e;; € M be the matrix
with 1 at the spot (k, 1) if (k,1) € (4,j) + Z (n,n) and 0 elsewhere.

Lemma. fJ,_L acts on A% in such a way that for all m € M and all o« € NZ/"Z

fo,. (xi) = Z Om,e;; Xj+1 and kg (x;) = v @y,

Jzi

Proof. It is the action obtained by taking [ = 1 in the geometric construction of
Section 7 via the isomorphism T, ; SAD 1, x; (if I = 1 then X and Y are zero
dimensional). 0

8.2. Put ® = (A@)® For any sequence i = (iy,i,...,3;) € Z set ®x; =
Xi, ®X;, ® -+ -®%;,. On one hand ®l is a left U, -module via the coproduct A. On
the other hand H; acts on ®l as follows for all k =1,2,...,0—1and j =1,2,...,1:
v2 ® X if i = Tht+1
(CL) (®X1)Tk = vt ®X(i)sk if —n<ig< i1 <0
v1 ® X(i)s, T (v_2 —exg i —n<ig <ig <0,
(b) (®%)X; 1 = ®xj)e; -
Lemma. The representations of U, and H; on ®l commute.

Proof. Since the coproduct is coassociative (see [G1, Theorem 1(ii)]), we are reduced
to the case | = 2. By definition

(C) A(fa) — Z ’Un(’y’ﬁ)fl@k,y X f,y.
a=F+y

Thus £, acts on ®° as

(fi®1+kf®ff if O = €3

ff@fjﬁ‘fj@fi lf OZZGT—FGJ— and

|
N
|

fT X fT lf o = 267

0 else.
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The commutation results from a direct computation. a

8.3. Lemma. The map ®x; — v'@e;, for all i € A7, extends uniquely to an
isomorphism of U_ x H;-bimodules ®l ST,

Proof. The map above extends uniquely to an isomorphism of ﬁl—modules. Let
us prove that this isomorphism commutes to U,,. For any i € Z! Lemma 8.1 and
formula (c) give

fa(®xi) = Zn peliitn) & Xitn,
where n = (nq,na,...,n;) € {0,1} describes the set of all sequences such that
o= lezl nse;, and

c(i,i+n)=— Z ne(1 — ng)n(e,, €, ).

1<s<t<l
By Proposition 7.4, after the specialisation v = ¢~ we have q_l(‘*’i)fa(ei) =(®o
©)(f,) x 1;. The R.H.S. is the convolution product of 1; and a function supported
by the set of all pairs (L', L) such that for all ¢ we have
(d L;CcL;CLi,,  dimp(L;/L;)=0c;, and dimg(L;/L;_1)="#""(3).
By definition of the convolution product (®00)(f,)x1; (simply denoted by £, (1;)) is
a linear combination of the 1;’s such that it exists L € Y such that (L, Ly) € X; and

(L;j, L) satisfies (d). Suppose first that i € A7. Then X;N (Y x {Lyp}) = {(Li, Lg)}.
Thus f,(1;) is a linear combination of the 1;’s such that

(e) i<j<i+1l and o; =416 Nji i +1)).
More precisely we get

fa(li) _ Z q—a(i+n,i)—l(wi)+l(wi+n)1i+n’

where the n’s are as above and a(i +n,i) = Y, o (#i~ (i + 1) — a41). A simple
computation using (e) gives

l
a(i + n, i) = Z nt(l — ns)5§t+1js.
s, t=1

Moreover for any sequence j we have l(wj) = dim(P;/(B N P;)) where P;,B C G
are the isotropy subgroup of L; and Ly. Thus we obtain

Hwign) — lwi) = Y (1 —ng)dr 541(1— 6;, 0)+

1<t<s<l

+ Z ns(1 —n¢)di, 1-ndi, 0 — Z ns(1 —n¢)dz, 7,

1<t<s<l 1<t<s<i
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To conclude it suffices to compute the image of ®x;j1n in Cg(Y x X). Using the
identity . } 3 }
Xk—1 = Tk_—ll o TTYPT g Ty

and Lemmas 7.3 and 8.2, we get that ®x;4n, is mapped to
g0 di+n) =4{1<s,t<1]ig=0,i4=1—n,n,=1,n, =0}.

Then, the equality results from an easy computation. The general case (i.e. i ¢ A})
follows since the isomorphism we consider commutes to Hj. a

8.4. Let ¢ be the semilinear involution on T, ; ~ ®" such that ¥ (e;t) = & for
all ¢ € H;. Proposition 7.6 and the definition of the involutions ¢ and ¢ imply the
following lemma (see Subsection 7.6).

Lemma. For allu € U, and allt € Q" we have P(ut) = w(t). 0

9. The action of U, on wedges.

9.1. Set @' =3, Im (T} + 1 )C®l. We have

/Ql @elHle )

icAp

where e~ = Zmegl(_v)l(w)fw- For any i € Z! let Ax; be the image of ®x; in

R' /. Set

Pt ={ieZ iy >iy> ... >4}

The Ax;’s such that i € P,"* form a basis of ®' /O (see [KMS, Proposition 1.3]).
For any A\ € II; set |\) = Ax; if i = A + p, where p is as in Section 1.1. Let
/\l C ®l /Q! be the linear span of the vectors |\).

9.2. The representation of U, on ' descends to ®' /€ (use Lemma 8.2). For
all A € II; set by = bp, |0) and put B; = {by | X € II; }. Let consider the involution

¥ on ®' /9 such that

Y(eshe ) = v We he™ Vh € Hj.

Proposition. B; is a basis of /\l whose elements are fixed by 1.

Proof. Lemma 8.1, the definition of A, and the normal ordering rule [KMS, (43)
and (45)] imply that for any A € II; and any orbit O C O, \ O, we have

fo, (10)) € v%IA) + @D, cx Aln) and  £o(10)) € D, Aln)-

Thus, B, is a basis. Now Lemma 8.4 implies that the action of bp_ on /\l commutes
to 1. Since ¢ (|0)) = |0) we get ¢(bx) = by for all \. 0

9.3. Let PZJr C 7! be the subset of integral dominant weights. Let &% be the set
of minimal length representatives of the cosets in &; \ &;/&;. Thus &% = &' N &'
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where &' is the set of minimal length representatives of the cosets in @l/ S;. For
any x € ©; let £ be the smallest element in the double coset G;x&;. Set

S(i,1) = {z € &% | Siz NxS; = 0}.

Lemma. Fizic A}. Then,

(a) eTpe” #0 =z € &;6(i,1)6,

(1) (€& & (JweR™)= alwe =v ) Axy,,
() ()zeP™t — ze€66(l)w.

Proof. Suppose that € &%, 5; € S;, and s € S;, are such that s;z = xs. Then

v_leifwe_ = eiTsiTwe_ = eiTwTSe_ = —veifwe_.
Thus &Te~ = 0. Any z € (/‘%l decomposes in = z;Zx; where z; € &;, & € &b,
x; € 6y, and l(x) = I(z;i) + (&) + I(x;). In particular

eiTpe” = v @) () @) Tre™,

Claim (a) follows. Let us prove claim (b). Recall that if A is dominant then T *

is mapped to X* = X" X2?... XM by the Bernstein isomorphism. Then (8.2.b)
implies that )
(®x;))Th = ®x), VA€ P VvielZ,

Moreover (8.2.a) implies that
(@x:)T, = ®X6), VoG NG Vie Ap.

Fix z € él. Then z decomposes uniquely as z = y\ where y € &; and A € Z'. If
(i)z = (i)y + nA € P then A € P;". Since s\ > X for all s € S if A is dominant,
we get T, = T yT ). Suppose moreover that € &i. Then for any s € S; we have
syA > yA. Since I(zA) = 1(z) +I(\) for any z € &; (X is dominant), we obtain that
y € 6; N &L Hence, Section 8.2 implies that

e;T e = eiTyTAe_ = pHw) A X(i)e-
Finally, claim (c) follows from
(ze@ & ()reP'™) < (siz>z>zs VseS Vs;€8;)
— e 6w
g
Proposition. Ifi€ A} and (i)z € B then ¥(Axgz) = (1) 0D Axg0,

Proof. First recall that if A € P;" and \* = —w(\), then Ty« = T;'T_,T,, (indeed,
since A, \* are dominant weights we have T, T\~ = T_», = T_)T,,. In particular,
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Ty = T,T\-T;"). Fixi € AP and z € &' such that (i)z € P;'. As above fix
r=y\withy € ;NG and \ € Pl+. Using Lemma 9.3.b we get

(Axgye) = P((@x)TyTae”) = v (T, Tae™) = o' T LT (e =

_ ,Ul(wi)—i-Ql(w)eiTy—}lTwT)\—*lfw—le— _ (_1)l(w),UQZ(w)—l(wi)eij—vywj—v)\:le—‘
For all s € S;, sy > y implies that syw < yw. Thus

P(Ax(a)e) = (DM (@x4y,0)Tite” = (=DM Axg) .

9.4. Fix z € &'. The element

D= 3 (OO, e
yest
y<z
is fixed by the involution on ﬁle_ such that he™ — v2 () he~ and
Dy — Towe™ € D,ce, v IS Tywe_

(see [D1]). If i € A7 and = € 6(i,1) set by, = v!@e; D, Lemma 9.3 gives

D)o = Z (o) =Dy =M B A Xy
yes!

y<z

Similarly fix i € A} and x € G!. Then

C&;-w — pH@)+w:) Z Z Py iz Ty

yeosl z€6;
y<z
If y € & and y < z then P.y iz = Poywa for all z € &; (see [D1, page 491]).
Thus
Ct,/diilf = ’Ul(w)—H(Wi)ei Z Porywiz Ty-

yeol
y<x

If z € &(i,1) set bt = (—v)l(‘*’)C;iwe_. Then Lemma 2.2 gives

(i)zw

bg;)w =) V@D ()i &P, A X (i)

_ I(z)—1
=Y vecan V'O 0Quy e AX)yes
ysx

where the first sum is over all couples (y,2) € &(i,l) x &; such that yz < z
and Qu,ywiz = Zz(—l)l(z)Pwiyz,wiw is a parabolic Kazhdan-Lusztig polynomial.
Observe that b(ii)w is completely characterized by the following properties :
+ _ ot - ~1g
¢(b(1)ww) - b(i)ww’ b(i)ww B /\X(i)ww < @ v /\X(i)yw’

yES(i,1)
y<z
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and b} NX(1)zw € @ VS A X(1)yw-

(Dzw
yES(i,1)
y<x

In particular {b; |i€ P"*}and {b; |i € P;""} are bases of ®' /L Forall A € I,
set by = b if i = A+ p. Put B = {b{ |\ € II;}.

Remark. If i € A7 and z,y € &' are such that if (i), (i)y € P;*" then

y <z = (i)z — (i)y is a positive root.

9.5. The space A’ is endowed with four bases : Bi = {by |Ac I}, B, ={by| A€
I}, and {|A) | A € II;}. Moreover, Bi are characterized by

$(b¥)=by, by —[N)ePv'Slp) and bf —|\) e PovSy)

p<A p<A

(in particular $/(A') = A'). Recall that if z € &; and A € Z!, then A\-z = (A+p)z—p
(see 1.1). Section 9.4 implies the following theorem.

Theorem. (a) If A €I, and z is minimal such that i=X-z~ '+ p € A", then

by = Z(_v)l(y)—l(w)v—l(yi)pyw‘)\ Lz Yy,
Y

where the sum is over all the y such that y < x and \ -z~ 1y € II;.
(b)  For all X € II; the coordinates of by in the wedges are some parabolic Kazhdan-

Lusztig polynomials (w.r.t. the parabolic subgroup &; C @l) O

Now, suppose that [ < n. Let consider i,j € A, n € MT and m=nl € MNM+.
If z € & is such that (i)z € P;*" then Section 7 gives

fo.(Axg)z) = I @I T e e ejﬁle_.
In particular if i = (p)w € A} and z = w we get
fo, (Axg) = vl(“’j)ejfmfwe_,
where m € m is the smallest element. Let suppose that fgn(/\xm) # 0. Let &' be
the set of minimal length representatives of the cosets in &;/&;. Then Lemma 9.3

implies that m = yt with t € G, and y € & N &' such that Sjy NyS; = 0. Then,

fo, (Axg) = 0" “Ne;T, T, T = v eyT, T, Toorwe” = (—v)!® A X(G)yw € @S IA).
A

As a consequence if [ < n then B" = B;.

Conjecture. The bases B; and BlJr coincide for all [. O

10. Proof of Theorem 6.3.
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10.1. Let ® be the free A-module linearly generated by the semi-infinite mono-
mials
RXj = X, OX;, XKy -+

where i = (i1,19,...) is a sequence of integers such that iy, = 1 — k for &k >> 1.
The affine Hecke algebra of type gl acts on ® via formulas (8.b) and (8.c). Set
Q° =>".Im(T; +1) C @. As above Ax; is the class of ®x; in @™ /2. The
formulas in Section 8 and [KMS, Lemma 2.2] imply that for all o € N%/"Z we have

a) Vi JleN* suchthat f,(Ax5) =Ff,(xi Ao AX)AX ., AX4 o, A
1 l I+1 i+2

Thus the action of U on A' induces an action on A\™.

Lemma. The map |A\) — Axi, where i, = 1+ N\ — k, gives an embedding of the
representation of U,, on N\ given in Section 6 into @ /2.

Proof. The proof goes by a direct computation. First observe that Ax; and |\) have
the same weight for any A € II if i is the sequence such that i, =1+ Ay — k. Fix
A eIl and o € N%/"Z_ Fix i as above. Formula 6.2.a gives

fo(rxi) = (X)) = D0 7alfa) [T X7 (V).

as.t.a=a Jj<i
=7

Moreover Remark 6.1 implies that v, (f,) is ©"(®) times the product of the fi(a")’s
ordered from ¢ = —o0 to co. Using the formulas in Section 4 we first observe that
fi@) acts by zero on the Fock space for any i. The elements |\) and ®x; have the
same weight with respect to k;. Thus we get

fa(/\xi) _ Z ,Ue(i,i-i-n) A Xitn,
n

where n = (n1,ng,...) € {0,1}Y" describes the set of all sequences such that o =

2521 nse;, and

e(i,i+n) = Z 0z, 5, — Z n07, 41,3, —

1> 1 >1419;
- E mngdy, 7, + E NN 07, 74 +1-
1 <1y 1+i,<ig

If AXiyn # 0 then e(i,i+mn) = > o, m(1 —ng)(0s,7 — dg+1,7,). On the other
hand the formula in Section 8.3 gives

fa(/\xi) _ Z ,Uc(i,i-i-n) A Xitn,
n

where n describes the same set and

c(i,i+n)=— Z ny (1 —ng)n(es, €,).

1<k<l
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We are through (recall that i is decreasing). O
Theorem 6.3 follows from Proposition 9.2 and Lemma 10.1.

10.2. The involution % on /\l induces the semilinear involution ¢ on A such
that,

Vi, 123 (i —14+Ek) = P(Axg) = (x4, Ao AXy) Ay Ay Ao

Proposition 9.3 implies that 1 coincides with the involution on A> used in [LT].
In [LT] Leclerc and Thibon have defined two bases B* = {bj | A € II} in A* such
that for all A

$(bF)=bY, by [N ePv'Slp) and bf [\ e PovSu).

p<A p<A
Thus, Conjecture 9.5 is equivalent to
Conjecture. The bases B and B™ coincide. a

Set by =>_, dyux|p) and by = Do ei)\\m. Conjecture 10.2 is precisely dy, = e;\ru.

11. Proof of the Decomposition Conjecture.

Let € be a n-th root of unity. The quantized Schur algebra S, ; is the subalgebra

of /S\n,l spanned by the elements T, with m € &;\ &;/&; (see Subsection 7.4). Fix
I < k. Let consider the subalgebra

S =Skn P H,,;,
A ueETI(l)

where iy = (1 — k)*1(2 — k)*2...0M for any A = (A > Ay > ...) € II(I). We
want to compute the decomposition matrices of the simple S;-modules under the
specialization v — ¢. The algebra Sj; is Morita equivalent to S;. For any t €
C* let S;; be the specialization of S; at v = t. The simple modules of S;; are
parametrized by II(l). For any k let U(gl,) be the Lusztig integral form of the
quantized enveloping algebra of gl; and let U.(gl;,) be the specialization at v = €.
The set IIj is identified with the set of dominant weights of gl,, with non-negative
components. If A € Il, let V), and W) be respectively the simple and the Weyl
U, (gl )-module with highest weight A\. There exists a surjective map = : U.(gl;) —
Sk,ile (see [D2]). If X € TI(I) let Ly, My, be the simple and the Specht Sy, ;j.-modules
such that
7T*[L)\] = [V)\/] and W*[MA] = [W)\/]

in the Grothendieck ring.

Theorem. The specialization at v = 1 of the matriz (eL)AW A po€ II(1), is the
decomposition matriz of the Specht modules of S;.

Proof. The Lusztig conjecture (proved by Kashiwara-Tanisaki and Kazhdan-Lusztig)
gives the multiplicity of W, in V). More precisely we have

Va: Wl =) (=1)!#9P.(1),
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where x € (/‘%l is minimal such that v = X - ! satisfies
v; < Vg1 Vi=1,2,..,k—1, vi—vy>1—Fk—n,

and 4t = A-z~y. According to Theorem 9.5.a, the Lusztig Conjecture is equivalent
to

(a) [Lan] = ey, (1) [My],  VA€TL.
m
Recall that (e;\rﬂ) an = (€y #,))_\; (see [LT, Section 4]). Thus

(a) = M=) ef,(1)[L].

12. The Lusztig conjecture.
12.1. Let F be the variety of partial flags in C! of the type
{}CRACRC---CF=C.

The linear group GL; acts diagonaly on F' x F. Let Z C T*F x T*F be the
Steinberg variety (Z is a reducible variety whose irreducible components are the
closure of the conormal bundles to the GL;-orbits in F' x F). The group G =
GL; x C* acts naturally on Z : the linear group acts diagonaly and z € C*
acts by multiplication by z~2 along the fibers. The complexified Grothendieck
group of equivariant coherent sheaves on Z, denoted by Kj, ;, is endowed with an
associative convolution product (see [GV], [V2]) denoted by %. For any z € C*, a
parametrization of the simple modules of the specialized algebra Ky, ;j,—. is given
in [GV] (see in [V2] the remark after Theorem 4 for the case of roots of unity):
the simple modules are labelled by orbits of pairs (s,z) € GL; x gl; where s is
semi-simple, ¥ = 0, and szs™! = 2z~ 2z. As usual the GL;-orbit of z is labelled by
the partition A € II(1) such that ); is the length of the i-th Jordan block of . Then
X € II(I) N . The orbits of the pairs (s, z) such that the spectrum of s is in z2%
are labelled by isomorphism class of nilpotent representations of I', if z is generic
and of T, if z = € (recall that €2 is a primitive n-th root of unity). Let Q4 ; and Q)
be the corresponding sets of isomorphism classes of representations of I';, and I',.
If O € Q9 (resp. O € Qi) let LEF (resp. Lo) be the simple Ky, ;-module labelled
by O. Similarly let Mg and Mo be the standard modules labelled by O (see [V2]).
Let [M] be the class of the module M in the complexified Grothendieck ring. Let
f{n and ﬁoo be the linear span of the elements [Lo| and [L&]| where O € §y j or
O € O, and k > 1. The restricted dual f{: (resp. f{?;o) is spanned by the linear
forms lp (resp. {y’) such that

lo([LO/]) = 50,0/ and l%o([LOOO/]) = 50’0/.

12.2. The quantized enveloping algebra of g[k is generated by elements e; s, f; g,
h;; and kjﬂ 0<i<k 0<j<k secZ te Z*) which satisfy the relations
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of the Drinfeld new presentation. Let U(g[k) be the A-subalgebra generated by
the elements e\, £ [(]7'h;; and kjd. For any z € C* let U,(gl;) be its

1,8 7 T1,8 )
specialization at v = z. In [GV], [V2], is defined a surjective algebra homomorphism

Uy U(gl,,) ®4 C(v) — Ky, ®a C(v). It is proved in [S] that Wy ; restricts to a
surjective homomorphism U(g[k) — K} ;. Observe that the restriction of a simple
Uz(é\[k)—module to Uz(;[k) is simple. Thus ¥ ;Lo for O € Qy (resp. ¥} L for
O € QF), may be viewed as a simple U, (s?[k)—module when z = € (resp. z generic).

Recall that there is an algebra homomorphism ev : U(sly) — U(gl,,) such that

ev(eg) = ’U_l{fk_l, {fk_g, ...{fg, fl}}}kkkk—l

ev(fy) = (—1)*vF ey 1, {ef_2,...{e2 e1}..} }k; 'k

ev(f;) =1, ev(e;) = e, 1=1,2,... k—1,
where {z,y} = zy — v tyz. If X € Il let V) (resp. V{°) be the simple U, (gl},)-
modules with highest weight A where z = ¢ (resp. z generic). The Drinfeld polyno-
mials of Lo and L are computed in [V2]. If A € II(k), then ¥ ; Lo, and ¥ , Ly
are the pull-backs of the modules V), and V° by the evaluation map ev (see [CP,
Proposition 12.2.13]). Let R,, and Ry be the linear span of the classes [V}] and

[VX°] for all A and all k. The restricted dual spaces R}, and R} are spanned by
the linear forms [, and [$° such that

B(V)) =6y and (V) = b,

The element [V{°] may be viewed as the class in R,, of the Weyl module Wy with
highest weight A\. Let sy € R} be such that

(W) = -

12.3. In this subsection U, , Uy and A stand for their specializations at v = 1.
Theorem. The linear isomorphism R N\ such that sy — |\) maps [ to by.

Proof. First observe that the classes of the standard modules [Mo] and [Mg’] form a

basis of the spaces f{n and ﬁoo. Let mop and mgy be the elements of the dual basis.
To avoid confusions let £3°, by, denote the generatrors of U_ . The multiplicity
formula [GV, Theorem 6.6] implies that there are two linear isomorphisms

ln U;—>f{fl and oo : U;o—>f{?;o
such that
(a) in(fo) =mo, n(bo) =lo, 1c(f5) =mg, te(f5’) =15
The spaces R}, and R}, are identified with A™ via the maps

sx > |A) and IS0 |A).
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We obtain the following commutative square

A = R, 3 Ry, = AT
T 7
U, = R;, — R, = Ug,

where the horizontal arrows are the dual of the specialization maps and the vertical
arrows are the dual of the evaluation maps. By definition the upper arrow maps
sx to I° and both elements are identified with the vacuum vector |A). The right
vertical arrow is such that

o =1 —=I1=|\) if O=O0,, by — 0 else.
By Proposition 5 it is the quotient map
U, - A, u— u(]0)).

Suppose first that the lower horizontal arrow is the map - introduced in Section 6.
Then the left vertical arrow is the quotient map

U, - A%, u— u(]0)).

Hence (a) implies that the left vertical arrow maps lp, to by. Since this arrow
is the transpose of the evaluation map we get [y = b, and we are through. By
Subsection 6.4, to prove that the map f{: — f{(‘;o is «v we are reduced to prove that
if 7(O") C O then [Mg] specializes to [Mp]. This is obvious by the localization
theorem in equivariant K-theory. O

12.4. Theorem 12.3 implies that [V*] =3  dy(1) [V,]. According to Section 11
the Lusztig Conjecture can be written as

WA = el (D) [V VA,

which is precisely Conjecture 10.2.

13. Proof of Proposition 6.1.

13.1. FixI' =T, or I's,. Let Sy be the set of finite sequences d = (d*,d?, ..., d") of
elements in N(!) such that 3 k d* = d. Fix a I-graded vector space V of dimension
d. For each d € &4 let Fy be the set of flags of V' of type d, i.e. Fy is the set of
filtrations F = ({0} = FO C F! C ... C F' = V) such that F* is I-graded and
has dimension d' 4+ d? + --- + d¥. Given z € Ey we say that a flag F € Fy is
z-stable if 2(F¥) C F*=1 for all k. Let Fy be the variety of all pairs (z, F') such
that z € Fy and F € Fy is z-stable. The group Gy acts on Fj in the obvious way.
Let m7q : Fq — Ey be the first projection. The map mq commutes to Gy . Thus
the function fq = mq1(1) belongs to Cq,, (Ev ).

Lemma. (a) The space Cq, (Ev) is linearly spanned by the elements fq with
des,.
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(b) For any a,b € N and any a € S,, b € Sy, we have fq o f, = ¢~ ™" foy,
where ab € S,1p is the sequence a followed by the sequence b.

Proof. Claim (b) is proved as in [L2, Lemma 3.2.b]. Let us prove claim (a). If a
flag F' is x-stable then F* C Ker (z*). Thus if d € S, is such that

d*+d*+---+d" =dimKer (z*) Vk=1,2,3, ...,
then 73 *(z) is reduced to the single flag

{0} C Ker (z) CKer (z?) C---C V.

In particular fq(z) = 1. Moreover, in this case fq is supported on the Gy-orbits of
the y’s such that

dim Ker (z¥) < dimKer (y*) Vk =1,2,3, ...,

i.e. y € Gy - z. We are through. O

Remark. It is easy to see that for any d € N*/"% and d = (d) we have fq=f,.
Thus Proposition 3.5 is a consequence of (a) and (b).

13.2. We fix a Z-graded vector space V of dimension d. Let V be the associated
7Z/nZ-graded vector space, of dimension d. The space V is endowed with the Z-
filtration whose associated graded is identified with V. Fix d € S;. We have the
following commutative diagram

F; % Ey
T T3

Td,d

- p
Foqo — Eypy — Ev,

where F’a’d =T 1(E‘-/’V) and the vertical arrows are the embeddings. We have

clearly d
(c) pj*(fa) = (pma,a)(1).

Let Sg 4 C Sy be the set of sequences d such that ), . d¥ = dF for any k and 7. If
de Sz, let F’a,d C F’a’d be the set of pairs (z, F') such that the associated graded
of F* with respect to the filtration induced by the Z-filtration on V has dimension
d* +d%+---+d*. The sets F’a,d form a partition of F’a,d. We have a commutative
square _

Fyg 2 By

1 1 me

F3q4 — Fy
where the left vertical arrow is the inclusion and 7 maps the pair (z, F') to the
associated graded. Thus

(d) (pra.ah(1) = Y (mar)(1).

d€S83,q
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Lemma. The map 7 is a vector bundle of rank

r(d) =YY dbdl,, + )Y dhdl

k>0 i>3 k<l i>J
- =37 =7

Proof. The proof goes as the proof of [L2, Lemma 4.4]. More precisely fix (z, F') €
Fq and compute the ﬁber_’r_l(a:, F). Giving a Z/nZ-graded subspace F* € V of
dimension d! + d? + - - - 4+ d* whose associated Z-graded is F* is the same as giving
a map

PA @zfj € @Hom(Ff, V;/FF).

i>j
=7

Then F* C FF*1 if and only if 2**! = 2* : F* — V/Fk1. On the other hand
giving T € Ey 1, such that p(Z) = z is the same as giving a map

Y= ®Yit1j € @Hom(‘/ja Vig1)-
i>j
=

Then F is Z-stable if and only if
sz—i-l,j-i-l ox; —T; 0 zfj — Yit1,; =0 : Ff — Vi+1/Fi’fH.
The Lemma results from a direct computation. a

The Lemma and (c), (d), give
va(fa) = ZdeS&d g =h@) fy.
Fix o, 3 € N%/"2 a € S,, and b € Sp. Using Lemma 13.1.b we get

’Yd(fé o fB) — Za b qm(b,a)—m(,ﬁ,a)—i—Zr(ab)—h(d) fa o fba

where the sum is over all (a,b) € Sz 4 X Sp;, and all (a,b) such that @ = a, b = §3,
and d = a + b. We are thus reduced to prove the following identity

(e) m(b,a) —m(B,a)+ 2r(ab) — 2r(a) — 2r(b) + h(a) + h(b) — h(d) = k(b, a).

Set
l+(b, CL) = Z(biaj + bjCLH_l) and l_(b, CL) = Z(biaj + bjCLH_l).

i>] i<j

=7 =3

Then (e) follows from the following equalities which are easy to prove :
m(ba CL) - m(ﬂa Oé) = _l-i-(ba CL) - l—(ba CL),
h(a) + h(b) — h(d) = k(b,a) — L4 (b,a) +1_(b,a),

r(ab) —r(a) — r(b) = l;(b,a).
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